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Parametric estimators
Estimator

ŵθ :

{
!n → !p

y ↦→ ŵθ(y )

<latexit sha1_base64="i93lxZ+MAXLAkk+hH1Muy6h2mII="></latexit>

Hyper-parameters
θ ∈ Θ ⊆ !l

<latexit sha1_base64="0v7V411SMZZc30UI0Te5A5Ng++g="></latexit>

parameter space

observations

Typical example
linear regression

y = Xw[Y\L + ε

<latexit sha1_base64="cNnzD5xBWJcaHERM84tYmzxzOP0="></latexit>

noise
ground

truth

design 
matrix

ŵθ(y ) ∈ HYNTPUw KH[HÄ[(w , y ) + YLN\SHYP[`(w , θ)

<latexit sha1_base64="jyrWhci6lR1VKgxsLjgfLZo2I0o="></latexit>

regularization a.k.a variational methods

trade-off
L�N� 3HZZV! HYNTPUw ||y � Xw ||�� + ✓ ||w ||�

<latexit sha1_base64="2c5S5ZxKhj/o4u2iVv0eo3DmhPY="></latexit>

[Chen-Donoho ’94, Tibshirani ’95]

θ

<latexit sha1_base64="DNGd0paO7GlomvF5sMrAKnBz32I="></latexit>

Total Variation

regularization


[Rudin-Osher-Fatemi ’92]noisyoriginal



θ

<latexit sha1_base64="DNGd0paO7GlomvF5sMrAKnBz32I="></latexit>

R(θ)

<latexit sha1_base64="Z2Hdo0M1wB1yKMikS6NUU4gVa3s="></latexit>

Selection criteria
Estimator
ŵ✓ : “n ! “p

✓ 2 ⇥

R : ⇥ ! “

<latexit sha1_base64="2XdvByFpFaQD3qAUIIRvMGgYI98="></latexit>

estimator

hyper-parameter

criterion

Goal
-PUK ✓? 2 HYNTPU

✓2⇥
R(✓)

<latexit sha1_base64="8MHJ3afWaDq+woJyjyAqK5Mo/5k="></latexit>

(or close to it)

projected risk 
cross-validation

model criteria

…R(θ) = ||y ]HS − X ]HSŵθ(y )||��

<latexit sha1_base64="nDddQOEq6VCkTlVVEn2liRzfpJg="></latexit>

Machine learning

hold-out loss
]HSPKH[PVU ZL[! y ]HS� X ]HS

<latexit sha1_base64="JsJKQkzqKUveHJlwlWQRp3xyQGc="></latexit>

[Stone-Ramer ’65]

R(θ) = !ε

(
||ŵθ(y ) −w[Y\L ||��

)

<latexit sha1_base64="L08uYJ57P029/JnR2ko5jT1+eq4="></latexit>

Inverse problems
y = Xw[Y\L + ε

<latexit sha1_base64="cNnzD5xBWJcaHERM84tYmzxzOP0="></latexit>

estimation risk
[Rice ’86]



Grid search
Algorithm

θ

<latexit sha1_base64="DNGd0paO7GlomvF5sMrAKnBz32I="></latexit>

R(θ)

<latexit sha1_base64="Z2Hdo0M1wB1yKMikS6NUU4gVa3s="></latexit>

� *OVVZL H JYP[LYPVU R
� :HTWSL \UPMVYTS` ⇥

� ,]HS\H[L R(✓) VU [OL NYPK
� 2LLW [OL ILZ[ ✓?

<latexit sha1_base64="xX7lDQdH7sLqIFwdZ95lcc/cdSA="></latexit>

Θ

<latexit sha1_base64="KCJQFEaXcG6RZ7CVO7w+1wIDtpA="></latexit>

Grid search is the standard in ML
+PTLUZPVUHSP[` PZZ\LZ VM ZHTWSPUN ⇥

<latexit sha1_base64="e+qPN/SoAv5gcrJUhMHR3aWnNx8="></latexit>

2 parameters 3 parameters Can be mitigated using Random Search [Bergstra-Bengio ’12]

Bayesian methods [Brochu et al. ’10]



First order methods for parameter selection
Goal
-PUK ✓? 2 HYNTPU

✓2⇥
R(✓)

<latexit sha1_base64="8MHJ3afWaDq+woJyjyAqK5Mo/5k="></latexit>

(or close to it)

R(✓) = C(ŵ✓(y )) = (C � ŵ•(y )) (✓)

<latexit sha1_base64="X7BjyA456LO1cVGMfOvK+zsp3fw="></latexit>

C : “p ! “

ŵ•(y ) : ⇥ ✓ “l ! “p

<latexit sha1_base64="RuAwTOQstQR1OVUb5AZ8EE/mfBU="></latexit>

(ZZ\TPUN C HUK ŵ•(y ) [V IL KPɈLYLU[PHISL

<latexit sha1_base64="YjWi42cNfdouSIwFY+VpXa6Ts5k="></latexit>

!R(θ) =
[
1HJŵ•(y )(θ)

]⊥
!C(ŵθ(y ))

<latexit sha1_base64="5AzyN599dbIF+xYn2gL6QOjOwq8="></latexit>

!R(θ!) = �

<latexit sha1_base64="XPV/8bcOR4YHmNBH7mh26EkxPEc="></latexit>

and

Chain rule

Potential issues 
• differentiability

• access to the cost

• size of the Jacobian

• approximation stability

• convergence (non-convex)“Hyper”-gradient descent

θk+� = θk − ρ!R(θk )

<latexit sha1_base64="ybEM7258gSYhgUNkoENz7VUY9m0="></latexit>

possibly projected gradient descent on the parameter space



θ

<latexit sha1_base64="DNGd0paO7GlomvF5sMrAKnBz32I="></latexit>

R(θ)

<latexit sha1_base64="Z2Hdo0M1wB1yKMikS6NUU4gVa3s="></latexit>

Gradient descent

First order methods for parameter selection
Goal
-PUK ✓? 2 HYNTPU

✓2⇥
R(✓)

<latexit sha1_base64="8MHJ3afWaDq+woJyjyAqK5Mo/5k="></latexit>

(or close to it)

R(✓) = C(ŵ✓(y )) = (C � ŵ•(y )) (✓)

<latexit sha1_base64="X7BjyA456LO1cVGMfOvK+zsp3fw="></latexit>

C : “p ! “

ŵ•(y ) : ⇥ ✓ “l ! “p

<latexit sha1_base64="RuAwTOQstQR1OVUb5AZ8EE/mfBU="></latexit>

(ZZ\TPUN C HUK ŵ•(y ) [V IL KPɈLYLU[PHISL

<latexit sha1_base64="YjWi42cNfdouSIwFY+VpXa6Ts5k="></latexit>

!R(θ) =
[
1HJŵ•(y )(θ)

]⊥
!C(ŵθ(y ))

<latexit sha1_base64="5AzyN599dbIF+xYn2gL6QOjOwq8="></latexit>

!R(θ!) = �

<latexit sha1_base64="XPV/8bcOR4YHmNBH7mh26EkxPEc="></latexit>

and

Chain rule

“Hyper”-gradient descent
θk+� = θk − ρ!R(θk )

<latexit sha1_base64="ybEM7258gSYhgUNkoENz7VUY9m0="></latexit>

possibly projected gradient descent on the parameter space

θ

<latexit sha1_base64="DNGd0paO7GlomvF5sMrAKnBz32I="></latexit>

R(θ)

<latexit sha1_base64="Z2Hdo0M1wB1yKMikS6NUU4gVa3s="></latexit>

Grid search (a.k.a 0-order)



Implicit 
differentiation

Q. Bertrand, Q. Klopfenstein, M. Blondel, SV, A. Gramfort, J. Salmon. Implicit differentiation of Lasso-type models for hyperparameter optimization. ICML. 2020.

Q. Bertrand, Q. Klopfenstein, M. Blondel, SV, A. Gramfort, J. Salmon.  Implicit differentiation for fast hyperparameter selection in non-smooth convex learning. JMLR. 2022.



Bilevel problem: implicit differentiation
Goal
-PUK ✓? 2 HYNTPU

✓2⇥
R(✓)

<latexit sha1_base64="8MHJ3afWaDq+woJyjyAqK5Mo/5k="></latexit>

(or close to it)

R(✓) = C(ŵ✓(y )) = (C � ŵ•(y )) (✓)

<latexit sha1_base64="X7BjyA456LO1cVGMfOvK+zsp3fw="></latexit>

 C� +C LHZ` [V JVTW\[L
 ŵ✓ ]HYPH[PVUHS LZ[PTH[VY
 F JVU]L_ ZTVV[O

<latexit sha1_base64="+t/Zv3YxSVoi/Hf3HGfzG0rG1NA="></latexit>

!�
w ,θF (ŵθ(y ), θ) +

[
1HJŵ•(y )(θ)

]⊥
!�
wF (ŵθ(y ), θ) = �

<latexit sha1_base64="Tqm1gzv25+PGxxAmAr1L1unzEJw="></latexit>

∂

∂θ

<latexit sha1_base64="s6lM+3PYT5bT2jqFvOs348i2M4s="></latexit>

[
1HJŵ•(y )(θ)

]⊥
= −!�

w ,θF (ŵθ(y ), θ)
(
!�
wF (ŵθ(y ), θ)

)−�

<latexit sha1_base64="8RU1rsqD8HmIUp80UMBe7JabU88="></latexit>

assuming invertibility

outer problem

inner problem

✓? 2 HYNTPU
✓2⇥

C(ŵ✓(y ))

Z\IQLJ[ [V ŵ✓(y ) 2 HYNTPU
w 2“p

F (w , ✓)

<latexit sha1_base64="+X9c6SzZaKMxthOIxJoTrNGP4jM="></latexit>

Bilevel optimization

!R(θ) =
[
1HJŵ•(y )(θ)

]⊥
!C(ŵθ(y ))

<latexit sha1_base64="5AzyN599dbIF+xYn2gL6QOjOwq8="></latexit>

Fixed point equation !wF (ŵθ(y ), θ) = �

<latexit sha1_base64="MYM2Qb3jz/uByxXPxZAcH7b3lOA="></latexit>

[Larsen et al. ’96]

Smooth case 
Kernel-based

[Chapelle et al. ’02]

Weighted ridge

[Foo et al. ’08]

Image restoration

[Kunish-Pock ’13]

Noisy stability

[Pedregosa ’16]

Non-smooth 
Elastic-net

[Mairal et al. ’12]

Lasso

[Dossal et al. ’13,

Zou et al. ’07]

Generalized Lasso

[V. et al. ’13

Tibshirani-Taylor ’11]

Partly smooth

[V. et al. ’17]

Constrained quad

[Amos-Kolter ’17]

Simplex constrained

[Niculae-Blondel ’17]



Fast performance for Lasso-like methods

R(θ) = ||y ]HS − X ]HSŵθ(y )||��

<latexit sha1_base64="nDddQOEq6VCkTlVVEn2liRzfpJg="></latexit>

Machine learning

hold-out loss
]HSPKH[PVU ZL[! y ]HS� X ]HS

<latexit sha1_base64="JsJKQkzqKUveHJlwlWQRp3xyQGc="></latexit>

[Stone-Ramer ’65]

Machine learning
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Estimation performance
Computation time

ŵθ(y ) : 3HZZV

<latexit sha1_base64="GBj7IuRp3dUG9Q9a5w3/gmhTuQs="></latexit>



Estimating a Jacobian
Estimator
ŵθ : !n → !p

<latexit sha1_base64="0GaKdBggtRZWruWtmBaW952HUPE="></latexit>

Jacobian

1HJŵθ : !
n → !p×n

<latexit sha1_base64="2bnyH8O9L5JvCAfrgGwVqD8VP4s="></latexit>

1HJŵ•(y ) : Θ → !p×l

<latexit sha1_base64="2znOqKUcxsts2RwefT6s1cwUg30="></latexit>

1HJŵ✓ (y ) =
©≠≠≠
´

@(ŵ✓)�
@y�

(y ) · · · @(ŵ✓)�
@yn

(y )
...

...
@(ŵ✓)p
@y�

(y ) · · · @(ŵ✓)p
@yn

(y )

™ÆÆÆ
¨
2 “p⇥n

<latexit sha1_base64="TCUx4V6Mfu0ffciZccrDLkLdCxE="></latexit>

Numerical approximation

1HJŵ✓ (y ) ⇡
⇣
ŵ✓(y+�L�)�ŵ✓(y )

� · · · ŵ✓(y+�Ln)�ŵ✓(y )
�

⌘

<latexit sha1_base64="4Ub8fSDXjB52DUpB8TNZJpxZZzo="></latexit>

ULLKZ O (nT ) VWLYH[PVUZ

<latexit sha1_base64="hwlOEPFIc5nSpKhLlYdPW9ByY/k="></latexit>

JVZ[ VM L]HS\H[PUN ŵ✓(·)

<latexit sha1_base64="xzJxVCuBYgPKLi/eMzULBAjomgU="></latexit>

WHYHTL[LY KPTLUZPVU

<latexit sha1_base64="6oxMD67ZBI68nj/olvIYPSAxuPw="></latexit>

differentiable

Numerical errors
from [Baydin ’18]

δ

<latexit sha1_base64="EdcazX9hLhW6LVKKYe31l8+Wa10="></latexit>

f (x) = ��x(� − x)(� − �x)�(� − �x + �x�)�

<latexit sha1_base64="3tm+6HaIiSfLNyNnsSm0w6gOlCY="></latexit>

Unstable for low  
and high precision 

Symbolic differentiation
Used by Mathematica, Maple, SymPy, Maxima, Lisp

Ineffective for “complex” programs

        expression swell



The SURE 
way

SV, C. Deledalle, G. Peyré, J. Fadili, C. Dossal. The Degrees of Freedom of Partly Smooth Regularizers. Ann Inst Stat Math. 69(4):791—832. 2017

SV, C. Deledalle, G. Peyré, C. Dossal, J. Fadili. Local Behavior of Sparse Analysis Regularization: Applications to Risk Estimation. Appl Comput Harmon Anal. 35(3):433—451. 2013.



Estimation and prediction risk

θ

<latexit sha1_base64="DNGd0paO7GlomvF5sMrAKnBz32I="></latexit>

R(θ)

<latexit sha1_base64="Z2Hdo0M1wB1yKMikS6NUU4gVa3s="></latexit>

R(θ) = !ε

(
||ŵθ(y ) −w[Y\L ||��

)

<latexit sha1_base64="L08uYJ57P029/JnR2ko5jT1+eq4="></latexit>

Inverse problems
y = Xw[Y\L + ε

<latexit sha1_base64="cNnzD5xBWJcaHERM84tYmzxzOP0="></latexit>

estimation risk

R(θ) = !ε

(
||Xŵθ(y ) − Xw[Y\L ||��

)

<latexit sha1_base64="4F4QjxFvB08P8wIGwxqG0xXVDGs="></latexit>

prediction risk

ε ∼ N(�,σ�0K)

<latexit sha1_base64="cDn6CR9Wb5fg4YSS/iWJo73s73k="></latexit>

VUS` VUL VIZLY]H[PVU y =) ≈" PZ UV[ JVTW\[HISL

<latexit sha1_base64="ArhKb1shovA/bQdcaxjSJOftb4w="></latexit>

VUS` VUL VIZLY]H[PVU y =) w[Y\L PZ UV[ RUV^U

<latexit sha1_base64="R4Z7j0aaF4Nl5FAFSE5Wxt1rs20="></latexit>

Goal
-PUK ✓? 2 HYNTPU

✓2⇥
R(✓)

<latexit sha1_base64="8MHJ3afWaDq+woJyjyAqK5Mo/5k="></latexit>

(or close to it)



Stein Unbiased Risk Estimation — SURE
Prediction
µ̂θ(y ) = Xŵθ(y )

<latexit sha1_base64="T2/36ddToyQqpdovS+ctTpwy0SA="></latexit>

Prediction risk
R(θ) = !ε

(
||µ̂θ(y ) − Xw[Y\L ||��

)

<latexit sha1_base64="FNTkjMwD4rkuA/0yZxdr3Ca16pc="></latexit>

Inverse problems
y = Xw[Y\L + ε

<latexit sha1_base64="cNnzD5xBWJcaHERM84tYmzxzOP0="></latexit>

ε ∼ N(�,σ�0K)

<latexit sha1_base64="cDn6CR9Wb5fg4YSS/iWJo73s73k="></latexit>

Degrees of freedom [Efron ’86]

KMθ(y ) =
n∑

i=�

JV](µ̂θ(y )i , yi )
σ�

<latexit sha1_base64="ERVUFyXNVVsS1G+JVBDyY1NVnnQ="></latexit>

Cp [Mallows ’73]

AIC [Akaike ’73]


BIC [Schwarz ’78]

GCV [Craven-Wahba ’79]


SURE [Stein ’81]

Examples

KMθ(y ) = ||ŵθ(y )||� = | Z\WW(ŵθ(y ))|

<latexit sha1_base64="7BYZzLJr/xspPCOtt8jTYyE2gvw="></latexit>

Lasso [Dossal et al. ’13, Zou et al. ’07]

Ordinary least square
KMθ(y ) = p

<latexit sha1_base64="VTWboqdK4SVxgtilZYXK/h8gCGc="></latexit>

!ε(K̂Mθ(y )) = KMθ(y )

<latexit sha1_base64="4I52gH38hjq7i4D3TSIjH9bBHXk="></latexit>

Stein’s lemma

K̂Mθ(y ) = KP](µ̂θ(y )) =
n∑

i=�

∂(µ̂θ)i
∂yi

(y )

<latexit sha1_base64="t/q42Ygq1G/hN8Y83yhD8iYNHZ8="></latexit>

0M µ̂✓ ^LHRS` KPɈLYLU[PHISL

<latexit sha1_base64="DN21k2Ljdri6UebUuma7eqPcs1Y="></latexit>

Empirical degrees of freedom

[Stein ’81]
Stein Unbiased Risk Estimation

:<9,θ(y )= ||y − µ̂θ(y )||�� − nσ�+�σ�K̂Mθ(y )

<latexit sha1_base64="m82p1c6Ba/4bLbtGWnHOlBdvD+4="></latexit>

!ε(:<9,θ(y )) = R(θ)

<latexit sha1_base64="XpDflJR5zFLSxKzQgVPmRJGVBoc="></latexit>

0M µ̂✓ ^LHRS` KPɈLYLU[PHISL

<latexit sha1_base64="DN21k2Ljdri6UebUuma7eqPcs1Y="></latexit>

[Stein ’81]

🥴 requires the noise variance



SURE for smooth regularized least square
Prediction
µ̂θ(y ) = Xŵθ(y )

<latexit sha1_base64="T2/36ddToyQqpdovS+ctTpwy0SA="></latexit>

Prediction risk
R(θ) = !ε

(
||µ̂θ(y ) − Xw[Y\L ||��

)

<latexit sha1_base64="FNTkjMwD4rkuA/0yZxdr3Ca16pc="></latexit>

Inverse problems
y = Xw[Y\L + ε

<latexit sha1_base64="cNnzD5xBWJcaHERM84tYmzxzOP0="></latexit>

ε ∼ N(�,σ�0K)

<latexit sha1_base64="cDn6CR9Wb5fg4YSS/iWJo73s73k="></latexit>

Degrees of freedom and SURE

K̂Mθ(y ) = KP](µ̂θ(y )) =
n∑

i=�

∂(µ̂θ)i
∂yi

(y )

<latexit sha1_base64="t/q42Ygq1G/hN8Y83yhD8iYNHZ8="></latexit>

:<9,θ(y )= ||y − µ̂θ(y )||�� − nσ�+�σ�K̂Mθ(y )

<latexit sha1_base64="m82p1c6Ba/4bLbtGWnHOlBdvD+4="></latexit>

!ε(:<9,θ(y )) = R(θ)

<latexit sha1_base64="XpDflJR5zFLSxKzQgVPmRJGVBoc="></latexit>

X !(Xŵθ(y ) − y ) + θ!J (ŵθ(y )) = �

<latexit sha1_base64="9hITi9xKy2iCwRPB6SpwRdof1R0="></latexit>

First order conditionsSmooth regularised least-square

ŵθ(y ) ∈ HYNTPU
w ∈!p

�
� ||y − Xw ||�� + θJ (w )

<latexit sha1_base64="4AqJSMCQNXXhEdaMr4GvTyE811U="></latexit>

Implicit function theorem
1HJµ̂θ (y ) = XΓθ(y )

−�X "

<latexit sha1_base64="4FgblCA9hDEEvk7f+QBQzEwmPcw="></latexit>

Γθ(y ) = X !X + θ!�J (ŵθ(y ))

<latexit sha1_base64="vHS9H20I3rDY62ZWAT3TxbDX7k4="></latexit>



SURE for regularized least square
Prediction
µ̂θ(y ) = Xŵθ(y )

<latexit sha1_base64="T2/36ddToyQqpdovS+ctTpwy0SA="></latexit>

Prediction risk
R(θ) = !ε

(
||µ̂θ(y ) − Xw[Y\L ||��

)

<latexit sha1_base64="FNTkjMwD4rkuA/0yZxdr3Ca16pc="></latexit>

Inverse problems
y = Xw[Y\L + ε

<latexit sha1_base64="cNnzD5xBWJcaHERM84tYmzxzOP0="></latexit>

ε ∼ N(�,σ�0K)

<latexit sha1_base64="cDn6CR9Wb5fg4YSS/iWJo73s73k="></latexit>

Degrees of freedom and SURE

K̂Mθ(y ) = KP](µ̂θ(y )) =
n∑

i=�

∂(µ̂θ)i
∂yi

(y )

<latexit sha1_base64="t/q42Ygq1G/hN8Y83yhD8iYNHZ8="></latexit>

:<9,θ(y )= ||y − µ̂θ(y )||�� − nσ�+�σ�K̂Mθ(y )

<latexit sha1_base64="m82p1c6Ba/4bLbtGWnHOlBdvD+4="></latexit>

!ε(:<9,θ(y )) = R(θ)

<latexit sha1_base64="XpDflJR5zFLSxKzQgVPmRJGVBoc="></latexit>

Smooth regularised least-square

ŵθ(y ) ∈ HYNTPU
w ∈!p

�
� ||y − Xw ||�� + θJ (w )

<latexit sha1_base64="4AqJSMCQNXXhEdaMr4GvTyE811U="></latexit>

>OLU J PZ YLN\SHY LUV\NO� 1HJµ̂✓(y )(y )

<latexit sha1_base64="fRjmlh1QeHHcNi5YQpmPJs/9MZ0="></latexit>

Theorem [V. et al. ’13,17]

PZ JVTW\[HISL H�L� PU JSVZLK MVYT

<latexit sha1_base64="gKpYD2/7moKLJIxAaRonLlRQ8+k="></latexit>

 Generalizes [Yuan-Lin ‘06, Dossal et al. ’12, Tibshirani-Taylor ’12, …]
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Prediction risk

Closed−form SURE  

Conf. interval

original blurred optimal

Example: SURE Grid search

J (w ) = ||!�+w ||�

<latexit sha1_base64="vyLe2LeHE2XzkA2VDiIc5I9bf1o="></latexit>

X .H\ZZPHU JVU]VS\[PVU

<latexit sha1_base64="6x9rzCm8pdiN2xZ/0WDIdA2So2o="></latexit>

Anisotropic Total Variation



Explicit SURE: shortcomings
Prediction
µ̂θ(y ) = Xŵθ(y )

<latexit sha1_base64="T2/36ddToyQqpdovS+ctTpwy0SA="></latexit>

Prediction risk
R(θ) = !ε

(
||µ̂θ(y ) − Xw[Y\L ||��

)

<latexit sha1_base64="FNTkjMwD4rkuA/0yZxdr3Ca16pc="></latexit>

Inverse problems
y = Xw[Y\L + ε

<latexit sha1_base64="cNnzD5xBWJcaHERM84tYmzxzOP0="></latexit>

ε ∼ N(�,σ�0K)

<latexit sha1_base64="cDn6CR9Wb5fg4YSS/iWJo73s73k="></latexit>

Degrees of freedom and SURE

K̂Mθ(y ) = KP](µ̂θ(y )) =
n∑

i=�

∂(µ̂θ)i
∂yi

(y )

<latexit sha1_base64="t/q42Ygq1G/hN8Y83yhD8iYNHZ8="></latexit>

:<9,θ(y )= ||y − µ̂θ(y )||�� − nσ�+�σ�K̂Mθ(y )

<latexit sha1_base64="m82p1c6Ba/4bLbtGWnHOlBdvD+4="></latexit>

!ε(:<9,θ(y )) = R(θ)

<latexit sha1_base64="XpDflJR5zFLSxKzQgVPmRJGVBoc="></latexit>

VUS` VUL VIZLY]H[PVU y =) ≈" PZ UV[ JVTW\[HISL

<latexit sha1_base64="ArhKb1shovA/bQdcaxjSJOftb4w="></latexit>

Pb 1: expectation VS realization

(Mostly stable because expectation of a low dimensional quantity with a high dimensional variable)

Pb 2: computational tractabilitybKM✓(y ) = [YHJL(1HJµ̂✓ (y )) WV[LU[PHSS` SHYNL

<latexit sha1_base64="kWVK20J87UMY494hha+wcYLiQnM="></latexit>

Monte Carlo SURE 

Pb 3: convergence
ŵθ(y )

<latexit sha1_base64="3jI4UI4H/8c34HI7ktGcQrZeHCI="></latexit>

w
(k )
θ (y )

<latexit sha1_base64="zIggY6FtLvZMBqynLf73OKdvFK4="></latexit>

1HJ
w

(k )
θ

(y )

<latexit sha1_base64="PuKWVvgWbFXFoW4w7xgZEGWboAQ="></latexit>

1HJŵθ (y )

<latexit sha1_base64="GU0OrQV8MAkpCnr1XzewztdD5xo="></latexit>

very high precision required
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Automatic 
differentiation

J. Bolte, E. Pauwels, SV. Automatic differentiation of non-smooth iterative solvers. 2022



Explicit SURE: shortcomings
Prediction
µ̂θ(y ) = Xŵθ(y )

<latexit sha1_base64="T2/36ddToyQqpdovS+ctTpwy0SA="></latexit>

Prediction risk
R(θ) = !ε

(
||µ̂θ(y ) − Xw[Y\L ||��

)

<latexit sha1_base64="FNTkjMwD4rkuA/0yZxdr3Ca16pc="></latexit>

Inverse problems
y = Xw[Y\L + ε

<latexit sha1_base64="cNnzD5xBWJcaHERM84tYmzxzOP0="></latexit>

ε ∼ N(�,σ�0K)

<latexit sha1_base64="cDn6CR9Wb5fg4YSS/iWJo73s73k="></latexit>

Degrees of freedom and SURE

K̂Mθ(y ) = KP](µ̂θ(y )) =
n∑

i=�

∂(µ̂θ)i
∂yi

(y )

<latexit sha1_base64="t/q42Ygq1G/hN8Y83yhD8iYNHZ8="></latexit>

:<9,θ(y )= ||y − µ̂θ(y )||�� − nσ�+�σ�K̂Mθ(y )

<latexit sha1_base64="m82p1c6Ba/4bLbtGWnHOlBdvD+4="></latexit>

!ε(:<9,θ(y )) = R(θ)

<latexit sha1_base64="XpDflJR5zFLSxKzQgVPmRJGVBoc="></latexit>

Estimator and algorithm
ŵθ(y )

<latexit sha1_base64="3jI4UI4H/8c34HI7ktGcQrZeHCI="></latexit>

w
(k )
θ (y )

<latexit sha1_base64="zIggY6FtLvZMBqynLf73OKdvFK4="></latexit>

1HJ
w

(k )
θ

(y )

<latexit sha1_base64="PuKWVvgWbFXFoW4w7xgZEGWboAQ="></latexit>

1HJŵθ (y )

<latexit sha1_base64="GU0OrQV8MAkpCnr1XzewztdD5xo="></latexit>

Convergence of functions does not imply convergence of derivatives! 

Practical aspect Theoretical aspect
numerical algorithm

estimation error

“true” mathematical solution

sensitivity analysis



Automatic differentiation: forward mode

f : !p → !n

<latexit sha1_base64="177TYftJ1UJD01+PViTWpHJ6F0s="></latexit>

f (x�, x�, x�) =

(
x�x� + L_W(x�)
x�x� − SVN(x�)

)

<latexit sha1_base64="lw1w5gGYEP2zJIqElRjxGQ02Mt4="></latexit>

Function Computer program
def f(x1, x2, x3):
    v1 = x1 * x2
    v2 = exp(x3)
    v3 = log(x3)
    v4 = v1 + v2
    v5 = v1 - v3
    return (v4, v5)

Forward Tangent Program

×

<latexit sha1_base64="q5MvMvmt0b1JJmWFnc4a6RaIk34="></latexit>

L_W

<latexit sha1_base64="K6Hv4Yxh5RrDCpJoE+RlsHMp6yQ="></latexit>

SVN

<latexit sha1_base64="FdNlKyh84KlRlNP4PyTe1+ykur4="></latexit>

+

<latexit sha1_base64="uA1YatjDb/DoDLFCt1JwM4usW/k="></latexit>

−

<latexit sha1_base64="UFtIRPmwKjhX4n6GqhRXrO5k8Yw="></latexit>

v�

<latexit sha1_base64="RZB0Snp+SmQApwe0WzxdCi4ZwYE="></latexit>

v�

<latexit sha1_base64="/wBACVuA1EZiyKmbsCEDk4sdVkc="></latexit>

v�

<latexit sha1_base64="DV+SAlxQBxc7YYxw3FDQOUWunA4="></latexit>

v�

<latexit sha1_base64="8sQVN/RhCy+Nm9vT6B79fMOzIjU="></latexit>

v�

<latexit sha1_base64="pxuU4C4AEBuFxz3V7NsDKaSSm6o="></latexit>

x�

<latexit sha1_base64="TxIqNJinwZMBgt+9o3pA7/6Gxpc="></latexit>

x�

<latexit sha1_base64="iptgWIZXKux3K1yMiFkwDzXqajQ="></latexit>

x�

<latexit sha1_base64="6LkODuf6xx9poBEBg5RfvEyDJsM="></latexit>

Computational graph [Bauer ’74]
1HJf : !p → !n×p

<latexit sha1_base64="N+E6dbi3zeETEe+HEcFOYQsed5A="></latexit>

Jacobian

1HJf (x�, x�, x�) =
(
x� x� L_W(x�)
x� x� �/x�

)

<latexit sha1_base64="4xDebjPj2xd9weCyVCdarDJqUYw="></latexit>

∂f

∂x�
(�, �, �) = (�, �)!

<latexit sha1_base64="RJEvO0sjn9d3KbkZpIcoI20nJ+M="></latexit>

Inspired by [Baydin ’18]



Automatic differentiation: forward mode

f : !p → !n

<latexit sha1_base64="177TYftJ1UJD01+PViTWpHJ6F0s="></latexit>

f (x�, x�, x�) =

(
x�x� + L_W(x�)
x�x� − SVN(x�)

)

<latexit sha1_base64="lw1w5gGYEP2zJIqElRjxGQ02Mt4="></latexit>

Function Computer program
def f(x1, x2, x3):
    v1 = x1 * x2
    v2 = exp(x3)
    v3 = log(x3)
    v4 = v1 + v2
    v5 = v1 - v3
    return (v4, v5)

Forward Tangent Program
def df(dx1, dx2, dx3):
    dv1 = dx1 * x2 + dx1 * x2 
    dv2 = dx3 * exp(x3)
    dv3 = dx3 / x3
    dv4 = dv1 + dv2
    dv5 = dv1 - dv3
    return (dv4, dv5)

×

<latexit sha1_base64="q5MvMvmt0b1JJmWFnc4a6RaIk34="></latexit>

L_W

<latexit sha1_base64="K6Hv4Yxh5RrDCpJoE+RlsHMp6yQ="></latexit>

SVN

<latexit sha1_base64="FdNlKyh84KlRlNP4PyTe1+ykur4="></latexit>

+

<latexit sha1_base64="uA1YatjDb/DoDLFCt1JwM4usW/k="></latexit>

−

<latexit sha1_base64="UFtIRPmwKjhX4n6GqhRXrO5k8Yw="></latexit>

v�

<latexit sha1_base64="RZB0Snp+SmQApwe0WzxdCi4ZwYE="></latexit>

v�

<latexit sha1_base64="/wBACVuA1EZiyKmbsCEDk4sdVkc="></latexit>

v�

<latexit sha1_base64="DV+SAlxQBxc7YYxw3FDQOUWunA4="></latexit>

v�

<latexit sha1_base64="8sQVN/RhCy+Nm9vT6B79fMOzIjU="></latexit>

v�

<latexit sha1_base64="pxuU4C4AEBuFxz3V7NsDKaSSm6o="></latexit>

x�

<latexit sha1_base64="TxIqNJinwZMBgt+9o3pA7/6Gxpc="></latexit>

x�

<latexit sha1_base64="iptgWIZXKux3K1yMiFkwDzXqajQ="></latexit>

x�

<latexit sha1_base64="6LkODuf6xx9poBEBg5RfvEyDJsM="></latexit>

Computational graph [Bauer ’74]
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1HJf : !p → !n×p

<latexit sha1_base64="N+E6dbi3zeETEe+HEcFOYQsed5A="></latexit>

Jacobian

1HJf (x�, x�, x�) =
(
x� x� L_W(x�)
x� x� �/x�

)

<latexit sha1_base64="4xDebjPj2xd9weCyVCdarDJqUYw="></latexit>

∂f

∂x�
(�, �, �) = (�, �)!

<latexit sha1_base64="RJEvO0sjn9d3KbkZpIcoI20nJ+M="></latexit>

Inspired by [Baydin ’18]
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Automatic differentiation: forward mode

f : !p → !n

<latexit sha1_base64="177TYftJ1UJD01+PViTWpHJ6F0s="></latexit>

f (x�, x�, x�) =

(
x�x� + L_W(x�)
x�x� − SVN(x�)

)

<latexit sha1_base64="lw1w5gGYEP2zJIqElRjxGQ02Mt4="></latexit>

Function Computer program
def f(x1, x2, x3):
    v1 = x1 * x2
    v2 = exp(x3)
    v3 = log(x3)
    v4 = v1 + v2
    v5 = v1 - v3
    return (v4, v5)

Forward Tangent Program
def df(dx1, dx2, dx3):
    dv1 = dx1 * x2 + dx1 * x2 
    dv2 = dx3 * exp(x3)
    dv3 = dx3 / x3
    dv4 = dv1 + dv2
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    return (dv4, dv5)

×

<latexit sha1_base64="q5MvMvmt0b1JJmWFnc4a6RaIk34="></latexit>
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Automatic differentiation: forward mode

f : !p → !n

<latexit sha1_base64="177TYftJ1UJD01+PViTWpHJ6F0s="></latexit>

f (x�, x�, x�) =

(
x�x� + L_W(x�)
x�x� − SVN(x�)

)

<latexit sha1_base64="lw1w5gGYEP2zJIqElRjxGQ02Mt4="></latexit>

Function Computer program
def f(x1, x2, x3):
    v1 = x1 * x2
    v2 = exp(x3)
    v3 = log(x3)
    v4 = v1 + v2
    v5 = v1 - v3
    return (v4, v5)

Forward Tangent Program
def df(dx1, dx2, dx3):
    dv1 = dx1 * x2 + dx1 * x2 
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    dv3 = dx3 / x3
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    return (dv4, dv5)

×

<latexit sha1_base64="q5MvMvmt0b1JJmWFnc4a6RaIk34="></latexit>
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<latexit sha1_base64="K6Hv4Yxh5RrDCpJoE+RlsHMp6yQ="></latexit>
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<latexit sha1_base64="iptgWIZXKux3K1yMiFkwDzXqajQ="></latexit>
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Inspired by [Baydin ’18]

1.00

2.00

3.00

1.00

2.00

3.00

1.00

0.00

0.00

1.00

0.00

0.00



Automatic differentiation: forward mode

f : !p → !n

<latexit sha1_base64="177TYftJ1UJD01+PViTWpHJ6F0s="></latexit>
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(
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)
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Function Computer program
def f(x1, x2, x3):
    v1 = x1 * x2
    v2 = exp(x3)
    v3 = log(x3)
    v4 = v1 + v2
    v5 = v1 - v3
    return (v4, v5)

Forward Tangent Program
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    dv1 = dx1 * x2 + dx1 * x2 
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Automatic differentiation: forward mode

f : !p → !n
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)
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Function Computer program
def f(x1, x2, x3):
    v1 = x1 * x2
    v2 = exp(x3)
    v3 = log(x3)
    v4 = v1 + v2
    v5 = v1 - v3
    return (v4, v5)

Forward Tangent Program
def df(dx1, dx2, dx3):
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<latexit sha1_base64="K6Hv4Yxh5RrDCpJoE+RlsHMp6yQ="></latexit>

SVN

<latexit sha1_base64="FdNlKyh84KlRlNP4PyTe1+ykur4="></latexit>

+

<latexit sha1_base64="uA1YatjDb/DoDLFCt1JwM4usW/k="></latexit>

−

<latexit sha1_base64="UFtIRPmwKjhX4n6GqhRXrO5k8Yw="></latexit>

v�

<latexit sha1_base64="RZB0Snp+SmQApwe0WzxdCi4ZwYE="></latexit>

v�

<latexit sha1_base64="/wBACVuA1EZiyKmbsCEDk4sdVkc="></latexit>

v�

<latexit sha1_base64="DV+SAlxQBxc7YYxw3FDQOUWunA4="></latexit>

v�

<latexit sha1_base64="8sQVN/RhCy+Nm9vT6B79fMOzIjU="></latexit>

v�

<latexit sha1_base64="pxuU4C4AEBuFxz3V7NsDKaSSm6o="></latexit>

x�

<latexit sha1_base64="TxIqNJinwZMBgt+9o3pA7/6Gxpc="></latexit>

x�

<latexit sha1_base64="iptgWIZXKux3K1yMiFkwDzXqajQ="></latexit>

x�

<latexit sha1_base64="6LkODuf6xx9poBEBg5RfvEyDJsM="></latexit>

Computational graph [Bauer ’74]
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1HJf : !p → !n×p

<latexit sha1_base64="N+E6dbi3zeETEe+HEcFOYQsed5A="></latexit>

Jacobian

1HJf (x�, x�, x�) =
(
x� x� L_W(x�)
x� x� �/x�

)

<latexit sha1_base64="4xDebjPj2xd9weCyVCdarDJqUYw="></latexit>

∂f

∂x�
(�, �, �) = (�, �)!

<latexit sha1_base64="RJEvO0sjn9d3KbkZpIcoI20nJ+M="></latexit>

Inspired by [Baydin ’18]
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Automatic differentiation: forward mode

f : !p → !n

<latexit sha1_base64="177TYftJ1UJD01+PViTWpHJ6F0s="></latexit>

f (x�, x�, x�) =

(
x�x� + L_W(x�)
x�x� − SVN(x�)

)

<latexit sha1_base64="lw1w5gGYEP2zJIqElRjxGQ02Mt4="></latexit>

Function Computer program
def f(x1, x2, x3):
    v1 = x1 * x2
    v2 = exp(x3)
    v3 = log(x3)
    v4 = v1 + v2
    v5 = v1 - v3
    return (v4, v5)

Forward Tangent Program
def df(dx1, dx2, dx3):
    dv1 = dx1 * x2 + dx1 * x2 
    dv2 = dx3 * exp(x3)
    dv3 = dx3 / x3
    dv4 = dv1 + dv2
    dv5 = dv1 - dv3
    return (dv4, dv5)

×

<latexit sha1_base64="q5MvMvmt0b1JJmWFnc4a6RaIk34="></latexit>

L_W

<latexit sha1_base64="K6Hv4Yxh5RrDCpJoE+RlsHMp6yQ="></latexit>

SVN

<latexit sha1_base64="FdNlKyh84KlRlNP4PyTe1+ykur4="></latexit>

+

<latexit sha1_base64="uA1YatjDb/DoDLFCt1JwM4usW/k="></latexit>

−

<latexit sha1_base64="UFtIRPmwKjhX4n6GqhRXrO5k8Yw="></latexit>

v�

<latexit sha1_base64="RZB0Snp+SmQApwe0WzxdCi4ZwYE="></latexit>

v�

<latexit sha1_base64="/wBACVuA1EZiyKmbsCEDk4sdVkc="></latexit>

v�

<latexit sha1_base64="DV+SAlxQBxc7YYxw3FDQOUWunA4="></latexit>

v�

<latexit sha1_base64="8sQVN/RhCy+Nm9vT6B79fMOzIjU="></latexit>

v�

<latexit sha1_base64="pxuU4C4AEBuFxz3V7NsDKaSSm6o="></latexit>

x�

<latexit sha1_base64="TxIqNJinwZMBgt+9o3pA7/6Gxpc="></latexit>

x�

<latexit sha1_base64="iptgWIZXKux3K1yMiFkwDzXqajQ="></latexit>

x�

<latexit sha1_base64="6LkODuf6xx9poBEBg5RfvEyDJsM="></latexit>

Computational graph [Bauer ’74]
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1HJf : !p → !n×p

<latexit sha1_base64="N+E6dbi3zeETEe+HEcFOYQsed5A="></latexit>

Jacobian

1HJf (x�, x�, x�) =
(
x� x� L_W(x�)
x� x� �/x�

)

<latexit sha1_base64="4xDebjPj2xd9weCyVCdarDJqUYw="></latexit>

∂f

∂x�
(�, �, �) = (�, �)!

<latexit sha1_base64="RJEvO0sjn9d3KbkZpIcoI20nJ+M="></latexit>

Inspired by [Baydin ’18]
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Automatic differentiation: forward mode

f : !p → !n

<latexit sha1_base64="177TYftJ1UJD01+PViTWpHJ6F0s="></latexit>

f (x�, x�, x�) =

(
x�x� + L_W(x�)
x�x� − SVN(x�)

)

<latexit sha1_base64="lw1w5gGYEP2zJIqElRjxGQ02Mt4="></latexit>

Function Computer program
def f(x1, x2, x3):
    v1 = x1 * x2
    v2 = exp(x3)
    v3 = log(x3)
    v4 = v1 + v2
    v5 = v1 - v3
    return (v4, v5)

Forward Tangent Program
def df(dx1, dx2, dx3):
    dv1 = dx1 * x2 + dx1 * x2 
    dv2 = dx3 * exp(x3)
    dv3 = dx3 / x3
    dv4 = dv1 + dv2
    dv5 = dv1 - dv3
    return (dv4, dv5)

×

<latexit sha1_base64="q5MvMvmt0b1JJmWFnc4a6RaIk34="></latexit>

L_W

<latexit sha1_base64="K6Hv4Yxh5RrDCpJoE+RlsHMp6yQ="></latexit>

SVN

<latexit sha1_base64="FdNlKyh84KlRlNP4PyTe1+ykur4="></latexit>

+

<latexit sha1_base64="uA1YatjDb/DoDLFCt1JwM4usW/k="></latexit>

−

<latexit sha1_base64="UFtIRPmwKjhX4n6GqhRXrO5k8Yw="></latexit>

v�

<latexit sha1_base64="RZB0Snp+SmQApwe0WzxdCi4ZwYE="></latexit>

v�

<latexit sha1_base64="/wBACVuA1EZiyKmbsCEDk4sdVkc="></latexit>

v�

<latexit sha1_base64="DV+SAlxQBxc7YYxw3FDQOUWunA4="></latexit>

v�

<latexit sha1_base64="8sQVN/RhCy+Nm9vT6B79fMOzIjU="></latexit>

v�

<latexit sha1_base64="pxuU4C4AEBuFxz3V7NsDKaSSm6o="></latexit>

x�

<latexit sha1_base64="TxIqNJinwZMBgt+9o3pA7/6Gxpc="></latexit>

x�

<latexit sha1_base64="iptgWIZXKux3K1yMiFkwDzXqajQ="></latexit>

x�

<latexit sha1_base64="6LkODuf6xx9poBEBg5RfvEyDJsM="></latexit>

Computational graph [Bauer ’74]
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1HJf : !p → !n×p

<latexit sha1_base64="N+E6dbi3zeETEe+HEcFOYQsed5A="></latexit>

Jacobian

1HJf (x�, x�, x�) =
(
x� x� L_W(x�)
x� x� �/x�

)

<latexit sha1_base64="4xDebjPj2xd9weCyVCdarDJqUYw="></latexit>

∂f

∂x�
(�, �, �) = (�, �)!

<latexit sha1_base64="RJEvO0sjn9d3KbkZpIcoI20nJ+M="></latexit>

Inspired by [Baydin ’18]
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Automatic differentiation: forward mode
f : !p → !n

<latexit sha1_base64="177TYftJ1UJD01+PViTWpHJ6F0s="></latexit>

f (x�, x�, x�) =

(
x�x� + L_W(x�)
x�x� − SVN(x�)

)

<latexit sha1_base64="lw1w5gGYEP2zJIqElRjxGQ02Mt4="></latexit>

Function Computer program
def f(x1, x2, x3):
    v1 = x1 * x2
    v2 = exp(x3)
    v3 = log(x3)
    v4 = v1 + v2
    v5 = v1 - v3
    return (v4, v5)

Forward Tangent Program
def df(dx1, dx2, dx3):
    dv1 = dx1 * x2 + dx1 * x2 
    dv2 = dx3 * exp(x3)
    dv3 = dx3 / x3
    dv4 = dv1 + dv2
    dv5 = dv1 - dv3
    return (dv4, dv5)

×

<latexit sha1_base64="q5MvMvmt0b1JJmWFnc4a6RaIk34="></latexit>

L_W

<latexit sha1_base64="K6Hv4Yxh5RrDCpJoE+RlsHMp6yQ="></latexit>

SVN

<latexit sha1_base64="FdNlKyh84KlRlNP4PyTe1+ykur4="></latexit>

+

<latexit sha1_base64="uA1YatjDb/DoDLFCt1JwM4usW/k="></latexit>

−

<latexit sha1_base64="UFtIRPmwKjhX4n6GqhRXrO5k8Yw="></latexit>

v�

<latexit sha1_base64="RZB0Snp+SmQApwe0WzxdCi4ZwYE="></latexit>

v�

<latexit sha1_base64="/wBACVuA1EZiyKmbsCEDk4sdVkc="></latexit>

v�

<latexit sha1_base64="DV+SAlxQBxc7YYxw3FDQOUWunA4="></latexit>

v�

<latexit sha1_base64="8sQVN/RhCy+Nm9vT6B79fMOzIjU="></latexit>

v�

<latexit sha1_base64="pxuU4C4AEBuFxz3V7NsDKaSSm6o="></latexit>

x�

<latexit sha1_base64="TxIqNJinwZMBgt+9o3pA7/6Gxpc="></latexit>

x�

<latexit sha1_base64="iptgWIZXKux3K1yMiFkwDzXqajQ="></latexit>

x�

<latexit sha1_base64="6LkODuf6xx9poBEBg5RfvEyDJsM="></latexit>

Computational graph [Bauer ’74]
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1HJf : !p → !n×p

<latexit sha1_base64="N+E6dbi3zeETEe+HEcFOYQsed5A="></latexit>

Jacobian

1HJf (x�, x�, x�) =
(
x� x� L_W(x�)
x� x� �/x�

)

<latexit sha1_base64="4xDebjPj2xd9weCyVCdarDJqUYw="></latexit>

∂f

∂x�
(�, �, �) = (�, �)!

<latexit sha1_base64="RJEvO0sjn9d3KbkZpIcoI20nJ+M="></latexit>

Inspired by [Baydin ’18]
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3.00

• Computing the full Jacobian 
requires p calls to tangent program


• No memory requirement

• Performant when p < n 
[Wengert ’64, Griewank ’89]

Forward automatic differentiation

=


Forward derivative accumulation

=


Tangent linear mode

=


Line-to-line derivation

=


Jacobian-vector product


≠

Backpropagation

1HJf (x) · z

<latexit sha1_base64="QZu8MXI8PYsvt0Ssrow4PkN9T9g="></latexit>
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Note that in practice the forward tangent program need to be implemented in the same function (variables accessibility)



Estimating a Jacobian of iterative estimator
Iterative estimators w

(k )
θ (y )

<latexit sha1_base64="zIggY6FtLvZMBqynLf73OKdvFK4="></latexit>

{
w

(k )
θ (y )

k→+∞−−−−−−→ ŵθ(y )

w
(k+�)
θ (y ) = ;(w (k )

θ (y ), y )

<latexit sha1_base64="q9dA4WF0F5sNDiObZpyHm2ED+zQ="></latexit>

; : !p ×!n → !p

<latexit sha1_base64="stgQoHKwLy/dm4MCIgCQmiSU/ZA="></latexit>

p × n

<latexit sha1_base64="pEC61mLFJxqcVEzwNCPsk2G7mSc="></latexit>

Chain rule
1HJwk+�

θ
(y ) = ∂�;(wk

θ (y ), y ) · 1HJwk
θ (y )

(y ) + ∂�;(wk
θ (y ), y )

<latexit sha1_base64="TLhYZkkVe5RBVWWOiqegSuDuE2o="></latexit>

p × n

<latexit sha1_base64="pEC61mLFJxqcVEzwNCPsk2G7mSc="></latexit>

p × n

<latexit sha1_base64="pEC61mLFJxqcVEzwNCPsk2G7mSc="></latexit>

p × p

<latexit sha1_base64="BLGogxso197zBYxKYy7i/sdxyng="></latexit>

w
(k )
θ

<latexit sha1_base64="8XhGu02Gb8qcLBDR7IbfK9czVbs="></latexit>

w
(k+�)
θ

<latexit sha1_base64="vX+39OS928RTmqQWNvRuP6BWtPg="></latexit>

w
(�)
θ

<latexit sha1_base64="Eeei30pbzA5OmBeF/if9jQAhyas="></latexit>

w
(�)
θ

<latexit sha1_base64="YCdJRmd7uL7UlKBp7GdvPd6FTIg="></latexit>

;

<latexit sha1_base64="KvnEEeAqoUc4rVavgVFC7r5XcHM="></latexit>

;

<latexit sha1_base64="KvnEEeAqoUc4rVavgVFC7r5XcHM="></latexit>

;

<latexit sha1_base64="KvnEEeAqoUc4rVavgVFC7r5XcHM="></latexit>

;

<latexit sha1_base64="KvnEEeAqoUc4rVavgVFC7r5XcHM="></latexit>

y

<latexit sha1_base64="wiLoYb4TRz+k836bM/9FTlQSD9g="></latexit>

y

<latexit sha1_base64="wiLoYb4TRz+k836bM/9FTlQSD9g="></latexit>

y

<latexit sha1_base64="wiLoYb4TRz+k836bM/9FTlQSD9g="></latexit>

Computational graph

Forward differentiation “Jacobian-vector product”{
w

(k+�)
θ (y ) = ;(w (k )

θ (y ), y )

Kw (k+�)
θ (y ) = ∂�;(wk

θ (y ), y ) · Kw
(k+�)
θ (y ) + ∂�;(wk

θ (y ), y )δ

<latexit sha1_base64="tZBU2rjvQxt/wbM2spkG1sDyC8o="></latexit>



Well-foundness of iterative differentiation
Iterative estimators w

(k )
θ (y )

<latexit sha1_base64="zIggY6FtLvZMBqynLf73OKdvFK4="></latexit>

{
w

(k )
θ (y )

k→+∞−−−−−−→ ŵθ(y )

w
(k+�)
θ (y ) = ;(w (k )

θ (y ), y )

<latexit sha1_base64="q9dA4WF0F5sNDiObZpyHm2ED+zQ="></latexit>

; : !p ×!n → !p

<latexit sha1_base64="stgQoHKwLy/dm4MCIgCQmiSU/ZA="></latexit>

Forward differentiation “Jacobian-vector product”
<latexit sha1_base64="lRcapYaOmou2p6GYDhOJA5L1kt0="></latexit>

w
(k+�)
✓ (y ) = ;(w (k )

✓ (y ), y )

Kw (k+�)
✓ (y ) = @�;(wk

✓ (y ), y ) · Kw
(k+�)
✓ (y )

+ @�;(wk
✓ (y ), y )�

Theorem [Bolte, Pauwels, V ’22]

<latexit sha1_base64="sHtHIvV8L9ITFvIoK0EcnGhu2Rc="></latexit>

0M T PZ SVJ� 3PWZJOP[a HUK P[Z JVUZLY]H[P]L 1HJVIPHU PZ H JVU[YHJ[PVU�
[OLU MVY HSTVZ[ HSS y �

<latexit sha1_base64="p+sJQ34cPE0VW800GjYi+jVFCiY="></latexit>

SPT
k→+∞

Kw (k )
θ (y ) =

∂ŵθ(y )

∂y
· δ



Forward differentiation of a Lasso solver

ŵθ(y ) ∈ HYNTPU
w ∈!p

�
� ||y − Xw ||�� + θ ||w ||�

<latexit sha1_base64="svKwmb3U+v2E2Q8cqyXse9rvbZQ="></latexit>

Lasso

w
(k+�)
θ (y ) = WYV_τθ || · ||�(w

(k )
θ (y ) − τX "(Xw

(k )
θ (y ) − y ))

<latexit sha1_base64="pl3cDzHss34KQrROkCVLIrTZPhE="></latexit>

Iterative soft-thresholding (Forward-Backward)

Soft-thresholding
WYV_ || · ||�

<latexit sha1_base64="fgoCTiYKPkgU32YhzR7S3kYiCcs="></latexit>

∂WYV_ || · ||�

<latexit sha1_base64="hw1esmK/dY4870aTjlaCUP/TUhs="></latexit>

WYV_τ || · ||�(x)i = TPU
(
�, � − τ

|xi |

)
xi

<latexit sha1_base64="ZionzzXn06KdMCQzz4RC8dXeArM="></latexit>

0M ⌧ < �/||X ||�� w (k )
✓ (y ) ! ŵ✓(y )

<latexit sha1_base64="XWXsXGP3yQIecU6ACKazoo1YSbw="></latexit>

Derivative of Forward-Backward

@�;(w , y ) = 1HJWYV_⌧✓ ||·||� (w � ⌧X >(Xw � y )) · 1HJy 7!w�⌧X >(Xw�y )(y )

= @WYV_⌧✓ || · ||�(w � ⌧X >(Xw � y )) · ⌧X

<latexit sha1_base64="JFgv4CAVFODwncbVF6GrAA01nXY="></latexit>

@�;(w , y ) = 1HJWYV_⌧✓ ||·||� (w � ⌧X >(Xw � y )) · 1HJw 7!w�⌧X >(Xw�y )(w )

= @WYV_⌧✓ || · ||�(w � ⌧X >(Xw � y )) · (0K � ⌧X >X )

<latexit sha1_base64="t6aNfO/cnY0IwB2xRCEu0Zls93E="></latexit>



The SUGAR 
way

B. Pascal, SV, N. Pustelnik, P. Abry. Automated data-driven selection of the hyperparameters for Total-Variation based texture segmentation. 2020.

C. Deledalle, SV, J. Fadili, G. Peyré. Stein Unbiased GrAdient estimator of the Risk (SUGAR) for multiple parameter selection. SIAM J Imaging Sci. 7(4):2448—2487. 2014.

C. Deledalle, SV, G. Peyré, J. Fadili, C. Dossal. Proximal Splitting Derivatives for Risk Estimation. NCMIP. 2012.



Fifty shades of SURE
Closed-form SURE [Stein ’81]

:<9,θ(y )= ||y − µ̂θ(y )||�� − nσ�+�σ�K̂Mθ(y )

<latexit sha1_base64="m82p1c6Ba/4bLbtGWnHOlBdvD+4="></latexit>

K̂Mθ(y ) = [YHJL(1HJµ̂θ (y ))

<latexit sha1_base64="xmZKACJuTvoG0MYUd6fa/JJnq4E="></latexit>

:<9,4*θ (y )= ||y − µ̂θ(y )||�� − nσ�+�σ�K̂M
4*
θ (y )

<latexit sha1_base64="vp6PIBLW09bARowjqNbQsQwsQNw="></latexit>

K̂M
4*
θ (y ) = 〈1HJµ̂θ (y )z , z 〉

<latexit sha1_base64="qzedw/6w1rhvMvMaHKnWhcWv30s="></latexit>

z ∼ N(�, 0K)

<latexit sha1_base64="MhFT3v/Tr7WQoRzJS449YDUiQII="></latexit>

Monte-Carlo SURE [Ramani et al. ’08]

:<9,(k ),4*
θ (y )= ||y − µ

(k )
θ (y )||�� − nσ�+�σ�K̂M

(k ),4*
θ (y )

<latexit sha1_base64="xwMgI4NxqfG0RhPLmWi33rZq/GM="></latexit>

Iterative Monte-Carlo SURE [Vonesch et al. ’08, Giryes et al. ’11, Ramani et al. ’12, Deledalle et al. ’12]

K̂M
(k ),4*
θ (y ) = 〈Kw (k )

θ , z 〉

<latexit sha1_base64="L8240zdbHZXGjI3laqJuUegZ+G4="></latexit>

Issue:  dimensionality of the Jacobian
!z

(
K̂M
4*
θ (y )

)
= K̂Mθ(y )

<latexit sha1_base64="pDd3tDto7+nII64XfEQh6Pum0sQ="></latexit>

Issue:  accessibility of the true Jacobian
need proof


of convergence



Fifty shades of SURE — continued
DoF, Monte-Carlo DoF and Iterative Monte-Carlo DoF
K̂Mθ(y ) = [YHJL(1HJµ̂θ (y ))
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K̂M
4*
θ (y ) = 〈1HJµ̂θ (y )z , z 〉
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K̂M
(k ),4*
θ (y ) = 〈Kw (k )

θ , z 〉
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Finite-difference SURE [Ye ’98, Shen-Ye ’02, Ramani et al. ’08]

K̂M
-+
θ (y ) =

�
δ

n∑
i=�

(µ̂θ(y + δLi ) − µ̂θ(y ))i
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SPT
δ→�

K̂M
-+
θ (y ) = K̂Mθ(y )
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0M µ̂✓ 3PWZJOP[a�JVU[PU\V\Z
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Issues: 

- numerical instabilities

- observation dimension

Finite-difference Monte-Carlo SURE

K̂M
-+4*
θ (y ) =

�
δ
〈µ̂θ(y + δz ) − µ̂θ(y ), z 〉
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!z

(
K̂M
-+4*
θ (y )

)
= K̂M

-+
θ (y )
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Issue:  accessibility of the true estimator!

Iterative Finite-difference Monte-Carlo SURE
K̂M

(k ),-+4*
θ (y ) = �

δ 〈µ
(k )
θ (y + δz ) − µ

(k )
θ (y ), z 〉
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Reminder: 0-order vs 1-order search
Grid search
� *OVVZL H JYP[LYPVU R
� :HTWSL \UPMVYTS` ⇥

� ,]HS\H[L R(✓) VU [OL NYPK
� 2LLW [OL ILZ[ ✓?
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θ
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R(θ)
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Hyper-gradient descent
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BUT
θ ↦→ !ε

(
||µ̂θ(y ) − Xw[Y\L ||��

)
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θ ↦→ :<9,θ(y )
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(weakly) differentiable

differentiable or continuous

!=⇒ <latexit sha1_base64="+jpul4IZ49eiM2nEQM82MCilPLQ="></latexit>

>OH[ HIV\[ :<9,-+✓ (y )� :<9,-+4*✓ (y )&
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From SURE to SUGAR
K̂M
-+
θ (y ) =

�
δ

n∑
i=�

(µ̂θ(y + δLi ) − µ̂θ(y ))i K̂M
-+4*
θ (y ) =

�
δ
〈µ̂θ(y+δz )−µ̂θ(y ), z 〉
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.P]LU � > �� bKM-+✓ (y )� bKM-+4*
✓ (y ) HYL HSZV ^LHRS` KPɈLYLU[PHISL

<latexit sha1_base64="Y7pokAUQ9vyHL1x1WggROfrhG2M="></latexit>

Proposition [Deledalle et al. ’14, Pascal et al. ’20]

Stein Unbiased GrAdient estimator of the Risk (SUGAR)

:<.(9-+�-+4*✓ (y ) = +✓(:<9,•
-+�-+4*(•))(y , ✓)

= �1HJµ̂•(✓)(y )>(µ̂✓(y ) � y ) + ���+✓(bKM•-+�-+4*(•))(y , ✓)

<latexit sha1_base64="spemCkddl7W2fKd6QuJoqrl/8L8="></latexit>

+✓(bKM•-+(•))(y , ✓) = �
�

n’
i=�

�
1HJµ̂•(y+�Li )(✓) � 1HJµ̂•(y )(✓)

�> Li
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+✓(bKM•-+4*(•))(y , ✓) = �
�

�
1HJµ̂•(y+�z)(✓) � 1HJµ̂•(y )(✓)

�>
z
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Asymptotic unbiasedness of SUGAR
Theorem [Deledalle et al. ’14, Pascal et al. ’20]

Stein Unbiased GrAdient estimator of the Risk (SUGAR)

:<.(9-+�-+4*✓ (y ) = +✓(:<9,•
-+�-+4*(•))(y , ✓)

= �1HJµ̂•(✓)(y )>(µ̂✓(y ) � y ) + ���+✓(bKM•-+�-+4*(•))(y , ✓)

<latexit sha1_base64="spemCkddl7W2fKd6QuJoqrl/8L8="></latexit>

+✓(bKM•-+4*(•))(y , ✓) = �
�

�
1HJµ̂•(y+�z)(✓) � 1HJµ̂•(y )(✓)

�>
z
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⇣
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✓ (y )
⌘
= +✓≈"

⇣
||µ̂•(y ) � Xw[Y\L ||��

⌘
(✓)
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SUGAR for iterative estimators
Iterative estimators w

(k )
θ (y )

<latexit sha1_base64="zIggY6FtLvZMBqynLf73OKdvFK4="></latexit>

; : !p ×!n → !p
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Iterative SUGAR Finite-difference + Monte-Carlo

:<.(9(k ),-+�-+4*
✓ (y ) = +✓(:<9,•

(k ),-+�-+4*(•))(y , ✓)
= �1HJµ•(k )(✓)(y )
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+✓(bKM•(k ),-+4*(•))(y , ✓) = �
�
(Kw✓

(k )(y + �z ) � Kw✓
(k )(y ))
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{
w

(k+�)
θ (y ) = ;(w (k )

θ (y ), y )

Kw (k+�)
θ (y ) = ∂�;(wk

θ (y ), y ) · Kw
(k )
θ (y ) + ∂�;(wk

θ (y ), y )z
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Running time x2

Running time x2

Global complexity: 4x original iterative estimator



SUGAR in practice: image deblurring
Total variation deblurring

θ(t+�) = θ(t ) − B (t ):<.(9(k ),-+4*
θ(t)

(y )

<latexit sha1_base64="4+h9TNNpXKn/oRnBRJKlozlvdn8="></latexit>

w[Y\L
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ŵθ!
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y = Xw[Y\L + ε
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ŵθ(y ) ∈ HYNTPU
w

�
� ||y − Xw[Y\L ||�� + θ ||!�+w ||�,�
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[Chambolle-Pock ’11]
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BFGS optimization



Summary
Estimator
ŵ✓ : “n ! “p

✓ 2 ⇥

R : ⇥ ! “
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estimator

hyper-parameter

criterion

Goal
-PUK ✓? 2 HYNTPU

✓2⇥
R(✓)
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(or close to it)

Estimator and algorithm
ŵθ(y )
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w
(k )
θ (y )

<latexit sha1_base64="zIggY6FtLvZMBqynLf73OKdvFK4="></latexit>

1HJ
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θ
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1HJŵθ (y )
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“Hyper”-gradient descent
θk+� = θk − ρ!R(θk )
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Chain rule
1HJwk+�

θ
(y ) = ∂�;(wk

θ (y ), y ) · 1HJwk
θ (y )

(y ) + ∂�;(wk
θ (y ), y )
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Iterative estimators

{
w

(k )
θ (y )

k→+∞−−−−−−→ ŵθ(y )

w
(k+�)
θ (y ) = ;(w (k )

θ (y ), y )
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; : !p ×!n → !p
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Several strategies: 
• Implicit differentiation

• Risk estimation (SUGAR)

• Direct Jacobian estimation

θ
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R(θ)
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