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Parametric estimators

Estimator

R" — RP

y — wel(y)
L observations

A

Wp .

Total Variation
regularization

Hyper-parameters
6ecOCR

L parameter space

Typical example regularization a.k.a variational methods

linear regression wy(y) € argmin,, datafit(w, y) + regularity(w, 9)

Y = XWiyye + € ! !
! { trade-off

design ground . -
e T T noise e.g. Lasso: argmin,, |y — Xw/|3 + 6|w|




Selection criteria

Estimator
wg : R” — RFP  estimator

0 0B hyper-parameter
R:0 >R criterion

Goal
Find 6* € argmin R(6)
6cO
(or close to it)
- 6
Inverse problems Machine learning
y = Xwyue + ¢ validation set: y'&, xVa projected risk
estimation risk hold-out loss cross-validation

model criteria

R(6) = Ee (IWe(y) - wirwel3) | | R(6) = Iy — X"k (y)I2




Grid search

@ Choose a criterion R

2)
3)
@

Grid search is the standard in ML

Dimensionality issues of sampling ©

Algorithm R(6)]
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3 parameters

Can be mitigated using Random Search
Bayesian methods



First order methods for parameter selection

R(6) = C(we(y)) = (Cowely))(6)

Goal
Find 6* € argmin R(6) C RP SR
0cO® '
(or close to it) W. (y) : @ g R/ —
Chain rule

Assuming C and w,(y) to be differentiable

VR(8) = [Jacy,(,,(6)]" VC (i (y))

and
W%(G*) =0

“Hyper”’-gradient descent

pF 1 = gk — pVR(6)

possibly projected gradient descent on the parameter space

QP

Potential issues
differentiability
access to the cost
size of the Jacobian
approximation stabillity
convergence (non-convex)



First order methods for parameter selection

Goal R(6) = C(wo(y)) = (Cow.a(y)) (6)
Find 6* € argmin R(6) C:-RP SR
ASS
(or close to it) W. (y) : @ C R/ — RP Grid SearCh (a.k-.a 0-order)
R@)?1
Chain rule o
Assuming C and w,(y) to be differentiable o o
1 ) e o
VR(6) = |Jacy,(y)(6)]" VC(we(y)) ®00a o°
00O . 0
and .
VR(6*) = 0 o Gradient descent
“Hyper”-gradient descent i
ek—|—1 _ ek _pvﬂ(ek) C\ .............
possibly projected gradient descent on the parameter space O\‘P




Implicit
differentiation

Q. Bertrand, Q. Klopfenstein, M. Blondel, SV, A. Gramfort, J. Salmon. Implicit differentiation of Lasso-type models for hyperparameter optimization. ICML. 2020.
Q. Bertrand, Q. Klopfenstein, M. Blondel, SV, A. Gramfort, J. Salmon. Implicit differentiation for fast hyperparameter selection in non-smooth convex learning. JMLR. 2022.



Bilevel problem: implicit differentiation

Goal Bilevel optimization Smooth case
Find 6* argergin ﬂ(@) outer pr0b|em Weighted ridge
(or close to it 9* c argmin C(WQ (y)) Image restoration
6O Noisy stability
R(0) = C(wo(y)) subjectto  wy(y) € argmin F (W, 0) | Noneermooth
* C, VC easy to compute Elastic-net
* wp variational estimator Lasso
A ~
+ ¥ convex smooth VR(6) = |Jacs.(,)(0)]” VC(Wa(¥)) oot
V. etal. ’13
Fixed point equation V,F(wy(y),0) =0 a Vot in
Constrained quad
2 ~ 1 9 ~ > % Simplex constrained
Ve, oF (Wo(y),0)+ [Jacy,,(8)| Vi, F (ws(y).6) =0

1
assuming invertibilityL [Jacy.,)(6)] = -VZ, o F (Wa(y). 6) (Vaf(%()’)»@))



Fast performance for Lasso-like methods

Machine learning
Va||dat|0n Set yval, XV8.| 0 revl (p = 19, 959) 20news (p = 130, 107) finance (p = 1,668, 737)
E 107! — ’
hold-out loss| " "‘:_»:j
£ 1073 —
R(@) _ “ val XvaIW ( )HZ g
— 1Y o\ )llo g
S 1075
R 0.0 05 10 0 5 10 15 0 100 200 300
we(y) : Lasso
0
N :M i 10' 2
0.004 107 o N fhz! ] 0
gOOOS_ @ 101_/-/— g ] o o A E
v 0.002- o TS
& 0.001 = 100_/ﬁ‘ 1071 | | 10° 107 | | n
o 0.0 0.5 1.0 0 0 100 200 300
O-OOO_I v | | | ) 10_1—I | | | Time (s) Time (s) Time (s)
200 2500 5000 7500 10000 200 2500 5000 7500 10000
Number of features (p) Number of features (p) Computatlon tlme
Estimation performance
== Imp. F. Iterdiff. (ours) Implicit F. Iterdiff. e=@=Grid-search e=e= Bayesian Random-search Lattice Hyp.



Estimating a Jacobian

Estimator
wg : R" — RP

differentiable

Jacobian
Jacy, () : © - R

pXl/

Jacy, (y) =

Jacy, : R" — RP*”

(0(%)1

3%

o(Wo),

\ 0y

(¥) 2t (y))
. c RP*
(y) -+ a(av;@,,)”(y))

Numerical approximation

wo(y+6e1)—wo(y)

Jacy, (y) ~ (
needs O(nT) operations

parameter dimension

o

N

wo(y+6en)—wy(y)

o

cost of evaluating wy(-)

|

Error

Symbolic differentiation

Used by Mathematica, Maple, SymPy, Maxima, Lisp
Ineffective for “complex” programs
— expression swell

Numerical errors

from [Baydin '18]

I

Nl

[
I [} Il
|

Round-off error !' gl Truncagion error
dominant L dominant

' M,

l? 'W‘H{.‘“ﬁw / ’

1! b EW‘ w{;'l

I

——  Forward difference
— - Center difference

I | | I | | I I é
107 10 10 10t 10? 107 10° 10

f(x)=64x(1—-x)(1-2x)%(1 - 8x + 8x?)?

102101 10® 10% 10* 102 10°
|

I

Unstable for low
and high precision




The SURE
way

SV, C. Deledalle, G. Peyré, J. Fadili, C. Dossal. The Degrees of Freedom of Partly Smooth Regularizers. Ann Inst Stat Math. 69(4):791—832. 2017
SV, C. Deledalle, G. Peyré, C. Dossal, J. Fadili. Local Behavior of Sparse Analysis Regularization: Applications to Risk Estimation. Appl Comput Harmon Anal. 35(3):433—451. 2013.



Estimation and prediction risk

Goal

Find 6* € argmin R(6)

fcO

(or close to it)

R(6)

Inverse problems

Y = XWiye + €

estimati

=2 (19 () — warsel3 )

predicti

. (1XW0(y) = Xwiruel3)

e ~ N (0, c°1d)

on risk

on risk . 0

-only one observation y =— [E. Is not computable

—only one observation y — wj e IS NOt Known



Stein Unbiased Risk Estimation — SURE

Inverse problems

y:XWtrue—l—g ENN(O,O-ZId)

Prediction Prediction risk
fia(y) = Xwoly) | | R(6) = Ee (Iita(y) = X wiruel)

Degrees of freedom Cp Examples
n ~ AlC Ordinary least square
cov(fe(y)i» yi) — BIC
df — dfs(y) = p
7 (y) ; o2 GCV SURE Lassoe
dfe(y) = [we(y)lo = | supp(we(y))]
Stein’s lemma Stein Unbiased Risk Estimation
If 1y weakly differentiable It 1y weakly differentiable
Empirical degrees of freedom 5(lio) SUREg(y)=|y — fe (y)Hg — no? _|_20-2(;I\f9 (y)
~ T B HO )i o L | s
dfg(y) =div(g(y)) = ; dy; (¥) =.(SUREg(y)) = R(8)

& requires the noise variance




SURE for smooth regularized least square

Inverse problems Prediction Prediction risk
Y= Xvine +& &~ N(0.6%10)|| fioly) = Xwo(y) | | R(9) = Ex (Iiia(y) ~ Xwirel3)

Degrees of freedom and SURE

dfe(y) = div(de(y)) = Z agi,@_)i (¥)
=1 /

SURE(y) =1y — fie(¥)l5 - no?+202dfs(y)
= (SUREg(y)) = R(6)

Smooth regularised least-square

. _
we(y) € argmin §“y — XW”% +0J(w)

w EeRP

First order conditions

X' (Xwe(y)—y)+6VJ(we(y)) =0

Implicit function theorem

Jac, (y) = XTe(y) ™' X7

Lo(y) = XTX +6V°J(we(y))




SURE for regularized least square

Inverse problems Prediction Prediction risk
Y= Xvine +& &~ N(0.6%10)|| fioly) = Xwo(y) | | R(9) = Ex (Iiia(y) ~ Xwirel3)

Degrees of freedom and SURE

SUREs(y) =1y — fie(y)I5 - no?+202dfy(y)

~ . " O(fg)i
df =d —
o(y) = div(ds(y)) ; 5y ) E.(SUREs(y)) = R(6)
Smooth reqularised least-square Theorem . cia. 1317
) 1 , When J is regular enough, Jac;,,)(y)
wo(y) € argmin Sly = Xwiz + 0J(w) is computable a.e. in closed form
Generalizes

Example: SURE Grid search "5
Anisotropic Total Variation

J(w) = |Vopwl|
X Gaussian convolution

original blurred optimal

Prediction risk

) - _

- il 18+ —— Closed—-form SURE |1
Conf. interval
H Bl u
16 d
1%
- - S 14¢
12} '
: |
0.05 0.1 0.15 0.2
A




Explicit SURE: shortcomings

Inverse problems Prediction
Yy =Xwiyue +& €~ N(0,0%1d)|| fia(y) = Xwa(y)

Prediction risk
R(0) = Ee (Ifo(y) ~ XwinelZ)

dfe(y) = div(ge(y)) = Z o),

[=1

Degrees of freedom and SURE . ~
J SURE(y) =y - fie(y)l5 — no*+20°dfy(y)

5y, ) E.(SUREs(y)) = R(6)

Pb 1: expectation VS realization

only one observation y — [, Is not computable

(Mostly stable because expectation of a low dimensional quantity with a high dimensional variable)

Pb 2: computational tractability

afg( y) = trace(Jac, (y)) potentially large
- Monte Carlo SURE

Pb 3: convergence
k
we (y)

?

Wes()’)

stability

?

. Jacy, (y)

Jacwem (y)

very high precision required




Automatic
differentiation

J. Bolte, E. Pauwels, SV. Automatic differentiation of non-smooth iterative solvers. 2022



Explicit SURE: shortcomings

Inverse problems Prediction Prediction risk
Y= Xvine +& &~ N(0.6%10)|| fioly) = Xwo(y) | | R(9) = Ex (Iiia(y) ~ Xwirel3)

Degrees of freedom a?daS(ll?JF;E SUREy(y) =y — fig(y)I? — no®+202dfs(y)
6)i

dfoly) = dvae(y) = 2, =5, = ) E,(SUREa(y) = R(®)

Practical aspect Estimator and algorithm Theoretical aspect
- " (k) A 11 ) - .
numerical algorithm W, (y) - Wo (Y) < true” mathematical solution
estimation error > JaCng) (y) > Jac% (y) « sensitivity analysis

Convergence of functions does not imply convergence of derivatives!




Automatic differentiation: forward mode

Function Computer program || Forward Tangent Program
f-RP - R" def f(x1, x2, %3):
vl = x1 X2
f(x1, X2, X3) = ( X1X2 + 6XP(x3) ) v2 = exp(x3)
x1x2 —10g(x1) v3 = log(x3)
vd = vl V2
v = vl v3
Jacobian return (v4, vb5)

Jacr : RP — R™P :
Computational graph

ﬁ@>@\

ﬁ%@/_@ﬁ

X2 X1 exp(X3))

Jacr (x4, x2, x3) = (xz X1 1/x3

O 1.2.3)=(2.2)

@Xﬁ

Inspired by [Baydin ’18]



Automatic differentiation: forward mode

Function
f:RP 5 R”
f(X1,X2,X3) — (

X1x2 + exp(xs)
X1 Xo — |Og(X1)

Jacobian
Jacr : R —

of

@X~|

T (1,2,3) =

Jacr(x1, x2, x3) =

RnXp
X2 X1 exp(X3)
X2 X1 1/X3
(2,2)"

|

Computer program

1.00 2.00 3.00
def f(x1, x2, x3):

Forward Tangent Program

1.00 0.00 0.00
def df(dxl, dx2, dx3):

Computational graph

RO

1.00
1.00

0.00
2.00

exp
0.00
3.00

@/g\r
Q50

Inspired by [Baydin ’18]




Automatic differentiation: forward mode

Function Computer program || Forward Tangent Program

p n 1.00 2.00 3.00 1.00 0.00 0.00
f:RF > R def f(x1, x2, x3): def df(dxl, dx2, dx3):

f(X Yo X ) | X1X2 —|—eXp(X3) vl = x1 X2 2.00 dvl = dxl x2 + dxl1 X2  2.00

Jacobian
Jacs : RP — R™P

Computational graph

100

100 100

X2 X1 €exp(xs)
X2 X1 1/X3

Jacr(x1, x2, x3) = (

o T @\
O+ (1 2, 3) (2, 2) 000, oogOO '_»

200

S @
@

Inspired by [Baydin ’18]



Automatic differentiation: forward mode

Function Computer program || Forward Tangent Program
f:RP - R” def £(x1, x2, x3): def df(dxl, dx2, dx3):
vl = x1 X2 2.00 dvl = dxl1 x2 + dxl1 X2 2.00
f(X1,X2,X3) — 12 +exp(X3) VZ2 = exp(x3) 20.08 dv2 = dx3 * exp(x3) 0.00
X1 Xo — |Og(X1)

Jacobian
Jacs : RP — R™P

Computational graph

100

Jacr(x1, x2, x3) = (
100 100

X2 X1 €exp(xs)
X2 X1 1/X3

o T @\
O+ (1 2, 3) (2, 2) 000, oogOO '_»

200

0.00, ot
3.00 @_,

Inspired by [Baydin ’18]



Automatic differentiation: forward mode

Function
f:RP 5 R”
f(X1,X2,X3) — (

X1x2 + exp(xs)
X1 Xo — |Og(X1)

Jacobian
Jacr : R —

of

@X~|

T (1,2,3) =

Jacr(x1, x2, x3) =

RnXp
X2 X1 exp(X3)
X2 X1 1/X3
(2,2)"

|

Computer program

1.00 2.00 3.00

def f(x1, x2, x3): def df(dxl, dx2, dx3):
vl = x1 X2 2.00 dvl = dxl X2 + dxl1 X2 2.00
V2 = exp(x3) 20.08 dv2 = dx3 * exp(x3) 0.00
v3 = log(x3) 0.48 dv3 = dx3 / x3 0.00

Forward Tangent Program

1.00

0.00 0.00

Computational graph

100

100 100

1.00 @\
0. oo
2.00 '—>
exp

|09300 ®/

OOO
200

OOO
300

Inspired by [Baydin ’18]



Automatic differentiation: forward mode

Function
f:RP 5 R”

)

X1 Xo — |OQ(X1)

Jacobian
JaCf - RP — R™*P

~ [x2  x1 exp(x3)
of
—(1.2,.3)=(2.2)"
(1123 =(2.2)

|

Computer program

1.00 2.00 3.00

def f(x1, x2, x3):
vl = x1 X2 2.00
V2 = exp(x3) 20.08
v3 = log(x3) 0.48
vd = vl V2 22.08

Forward Tangent Program

1.00 0.00 0.00

def df(dxl, dx2, dx3):
dvl = dxl1 X2 + dxl1 X2 2.00
dv2 = dx3 * exp(x3) 0.00
dv3 = dx3 / x3 0.00
dvd = dvl dv?2 2.00

Computational graph

1.00
—
1.00

0.00
—
2.00

1.00
NG
X 2.00
0.00 2.0
2.00

_F

exp

0.00 (:::)

3.00

| 0.00

O
9300<:::>////'

0.00
3.00

Inspired by [Baydin ’18]




Automatic differentiation: forward mode

Function
f:RP 5 R”

)

X1 Xo — |OQ(X1)

Jacobian
JaCf - RP — R™*P

~ [x2  x1 exp(x3)
of
—(1.2,.3)=(2.2)"
(1123 =(2.2)

|

Computer program

1.00 2.00 3.00
def f(x1, x2, x3):

vl = x1 X2 2.00
V2 = exp(x3) 20.08
v3 = log(x3) 0.48
vd = vl V2 22.08
v = vl v3 2.08

Forward Tangent Program

0.00
dx2,

dvil
dv?2
dv3
dv4d
dv5

1.00
def df(dxl,

dx1

0.00
dx3):

x2 + dxl1

dx3 * exp(x3)
dx3 / x3

dvil
dvil

dv?2
dv3

X2 2.00

0.00
0.00
2.00
2.00

Computational graph

1.00
—
1.00

0.00
—
2.00

_F

1.00
NG
X 2.00
0.00 2.0
2.00

exp

0.00 (:::) :

3.00

| 0.00 0.00

O 0.48
g&m)

0.00
3.00

Inspired by [Baydin ’18]



Automatic differentiation: forward mode

Function
f:RP 5 R”

)

X1 Xo — |OQ(X1)

Jacobian
JaCf - RP — R™*P

~ [x2  x1 exp(x3)
of
—(1.2,.3)=(2.2)"
(1123 =(2.2)

|

Computer program

1.00 2.00 3.00
def f(x1, x2, x3):

vl = x1 X2 2.00
V2 = exp(x3) 20.08
v3 = log(x3) 0.48
vd = vl V2 22.08
vS = vl v3 2.08
return (v4, v5) (22.08 2.08)

Forward Tangent Program

1.00 0.00 0.00

def df(dxl, dx2, dx3):
dvl = dxl1 X2 + dxl1 X2 2.00
dv2 = dx3 * exp(x3) 0.00
dv3 = dx3 / x3 0.00
dvd = dvl dv?2 2.00
dv5 = dvl dv3 2.00
return (dv4, dvb) (2.00, 2.00)

Computational graph

1.00
—
1.00

0.00
—
2.00

_F

exp

0.00 (:::) :

3.00

| 0.00 0.00

O 0.48
g&m)

0.00
3.00

1.00
NG
X 2.00
0.00 2.0
2.00

Inspired by [Baydin ’18]




Automatic differentiation: forward mode

Function
f:RP 5 R”

f(x1, X2, X3) = ( x1x2 + €Xp(x3) )

X1 Xo — |OQ(X1)

Jacobian
Jacs : RP — R"™P

[ X2 X exp(X3)
JaCf(X1,X2,X3)—(X2 X1 1/X3 )
of
—(1,2,3) = (2,2)"
- (1:2.3) = 2.2)

Computer program || Forward Tangent Program
1.00 2.00 3.00 1.00 0.00 0.00

def f(x1, x2, x3): def df(dxl, dx2, dx3):
vl = x1 X2 2.00 dvl = dxl x2 + dxl1 X2 2.00
v2 = exp(x3) 20.08 dv2 = dx3 * exp(x3) 0.00
v3 = log(x3) 0.48 dv3 = dx3 / x3 0.00
vd = vl v2 22.08 dv4 = dvl dv?2 2.00
vS = vl v3 2.08 dv5 = dvl dv3 2.00
return (v4, v5) (2208 2.08 return (dv4, dvb) (2.00, 2.00)

 Computing the full Jacobian
requires p calls to tangent program

* No memory requirement

* Performant when p <n

Note that in practice the forward tangent program need to be implemented in the same function (variables accessibility)

Computational graph

1.00
—
1.00

Forward automatic differentiation

Forward derivative accumulation

Tangent linear mode

Line-to-line derivation

Jacobian-vector product
Jacs(x) - z

+

Baeckpropagation

Inspired by [Baydin ’18]



Estimating a Jacobian of iterative estimator

Iterative estimators wék) (y) | | Gomputational graph
T:RPxR" - RF

{ Wi (y) S5 W (y)
) =Tl

W, Y),y)
Chain rule
Jac, i+1(y) = 0 T(wg (y). ¥) - Jac, () (y) + &T(wg (1), y)
pXn pXp pXn pXn

Forward differentiation “Jacobian-vector product”

{Wg(k_ll;1)1()/) =T(wy (). y) »
dwy " (y) = A TWE(y),y) - dwy T (y) + BT(WE(y), »)8




Well-foundness of iterative differentiation

Iterative estimators we(k ) (y) Forward differentiation “Jacobian-vector product”
T:RPXxR" — R? we'(y) =T(wg" (). )
{ng> (¥) =25 g (y) dwy TV (y) = 0 T(wh(y).y) - dwy D (y)
we'(y) = T(ws (). y) +T(ws (¥).)8

TheO rem [Bolte, Pauwels, V 22]

If T is loc. Lipschitz and its conservative Jacobian is a contraction,
then for almost all y,

_ .5

im d
w ay

k — 00 0

(k) () Owg ()




Forward differentiation of a Lasso solver

Lasso Soft-thresholding

We(y) € argmin —”)’ Xwls + 0wl ProX, ., (x); = min (0,1 T‘)x- ! proxi.,

w ERP [x;

—

OProX.;

Ilterative soft-thresholding (Forward-Backward)
k+1 k
Wg( " )( ) = ProX,g .|, (W, W >()’)—TXT(XW9( )()’)—)’))

If 7 <2/]X]°%, w (k) (y) = wa(y)

Derivative of Forward-Backward
76|+ (W -TX (XW o _)/)) ' JaCWI—)W—TXT(XW—y) (W)
— dprOXTQH H1 . (Id — TXTX>

(w )
0 T(W, y) = JaCprox, g, (W = TX " (Xw = y)) - JaCysn—rx7 (xw-y)(¥)
( )

01T(W, _y) — Janrox




The SUGAR
way

B. Pascal, SV, N. Pustelnik, P. Abry. Automated data-driven selection of the hyperparameters for Total-Variation based texture segmentation. 2020.
C. Deledalle, SV, J. Fadili, G. Peyré. Stein Unbiased GrAdient estimator of the Risk (SUGAR) for multiple parameter selection. SIAM J Imaging Sci. 7(4):2448 —2487. 2014.
C. Deledalle, SV, G. Peyré, J. Fadili, C. Dossal. Proximal Splitting Derivatives for Risk Estimation. NCMIP. 2012.




Fifty shades of SURE

Closed-form SURE
SUREs(y)=lly — fis(y)l5 — no®+20°dfy(y) dfg(y) = trace(Jacg,(y))

Issue: dimensionality of the Jacobian
~MC
E, (dfe (y)) = dfg(y)

Monte-Carlo SURE z ~ N(0,ld)

X ~MC ~MC
SURE“(y)=ly — fis(y)I3 — no®+20°dfy (y) dfy (y) = (Jacg,(y)z. z)

Issue:. accessiblility of the true Jacobian

need proof
of convergence

Iterative MOnte-Carlo SURE Deledalle et al. ’12

~ (k),MC ¢ (K),.MC k
SUREék)’MC(y):Hy —,uék) (y)Hg — n0'2—|—20'2dfé ) (y) dfs (¥) = <dW( . Z)




Fifty shades of SURE — continued

DoF, Monte-Carlo DoF and lterative Monte-Carlo DoF
~ ~MC ~
dfg(y) = trace(Jacy,(y)) df, (y) = (Jacy,(y)z, z) dfé W ( ) = (dw(k), Z)

?

Finite-difference SURE

dfy () = 5 " (el + 887) ~ fo(y)),
=1

Finite-difference Monte-Carlo SURE

dty " (y) = £ is(y +62) ~ io(y). 2)

If [ig Lipschitz—continuous

im df, (y) = df
lim df, "(y) = df(y)

Issues:

- numerical instabilities
- observation dimension

-, (angMC(y)) = ang(y)

Issue: accessibility of the true estimator!

Iterative Finite-difference Monte-Carlo SURE

~ (k),FDMC

df, (y) = 1V (y +62) -

ud (y), 2)




Reminder: 0-order vs 1-order search

Grid search Hyper-gradient descent
@ Choose a criterion R @ Choose a criterion R B UT
@ Sample uniformly © @ Take a starting point
Evaluate R(6) on the grid Eval. R(6), VR(8) on-the-fly n 2
3 ©) (3) Eval. %(0). VR() 0 > Ee (1A0(y) ~ Xwirel?)
@ Keep the best 6* @ Keep the last iterate 6* | |
(weakly) differentiable
R(©6)t R(6)t
Qﬂ“o Jprss e 8 — SUREg(y)
°_ o C\ differentiable or continuous
NO) O'-O‘O” ) O\\“P ;

What about SURE,"(y), SURE;"M“(y)?



From SURE to SUGAR

—FD ~FDMC 1 . X
dfy (¥) = % Z Holy +6€i) — po(y)); diy  (y) = < {he(y+62)-fe(y). 2)

PropOSition [Deledalle et al. 14, Pascal et al. ’20]

Assume (y, 8) — fig(y) weakly differentiable w.r.t y and @

| ~FD ~ FDMC . .
Given 6 > 0,df, (y),dfy, (y) are also weakly differentiable

SURE,"(y), SURE,"M®(y)

Stein Unbiased GrAdient estimator of the Risk (SUGAR)

SUGARSD/FDMC ()’) — V, (SURE.FD/FDMC(O)) (y, 9)
— 2Jacy, ) (y) (fe(y) — y) + 202V, (df.FPFOMC (0))(y, )

o (df.FP¥O€))6) & 2(<lmmwe<ﬂawdamm@> ze;

| =




Asymptotic unbiasedness of SUGAR

Theorem [Deledalle et al. 14, Pascal et al. ’20]

Assume (y,0) — fig(y) Lipschitz-continuous w.r.t y and 6

lim E, (SUGARG®PYC(y)) = VoE, (I (y) - XwirelZ) (6)

In practice, §/n need to not decrease quickly to ensure numerical stability

Stein Unbiased GrAdient estimator of the Risk (SUGAR)

SUGARSD/FDMC (y) — V, (SURE.FD/FDMC(O)) (}’, 9)

= 2Jac,, 6)(y) (e (y) — y) + 202V, (af.FOFOMC (6))(y, )

- 1
Vo(df,"PMC(e))(y, 8) = = (Jacu, (162 (8) —Jacs, () (6)) z




SUGAR for iterative estimators

: : k
Iterative estimators wé '(y)
T:RPXR" - RP

{wgk”(y) = T(w;" (), )
dwy, " (y) = aT(wi(x)y) - dwy () + &T(wi(x). y)z

Running time x2

Global complexity: 4x original iterative estimator

Iterative SUGAR Finite-difference + Monte-Carlo
SUGARYTPPME () — v, (SURE, (F-FD/FOMC g))(y/, 6)

Vo (df, ()FOMC (9))(y, 6) = %(dWe“) (y +62) —dwe'“(y))

2

— 2Jacy.<k> (6) (y)T(,uék) (y) — y) + 20‘2V9 (ch.(k>’FD/FDMC(o))(y, 9)

\unning time x2




SUGAR In practice: image deblurring

Total variation deblurring
y = XWye + €

. 1
we(y) € argmin = |y — Xwiruell5 + 8 Vapw 1.2

w 2
we(k) (y) computed with a differentiated Primal-Dual algorithm

BFGS optimization
(t+1) — (1) _ p(HSUGARK):FOME )y

o(t)
\ ' ' ' . .

023y | - — Risk ] GSUREppuc

\ — — — Projection risk 0.6 —— glgg(S}ARtFDi\m lzflsed slope | 1
' —— GSURE,. BECS iterates
0.2257 \ X Exh. search iterates| BFGS final
\ X Exh. search final [
0.22} A il |
0.215} _ - N, 432 -
| | | | ~ . _ - ‘ . | ’ | I 02 | \N— I | | i
0.601 1.201 1.800 2.400 0.875 1.046 1.216 1.386 0.601 1.201 1.800 2.400

6 6



Summary

Estimator

wg : R" — RP
6 € O
R:0—->R

estimator

hyper-parameter

criterion

Goal

Find 6* € argmin R(6)
fcO

(or close to it)

Estimator and algorithm | | lterative estimators
wy ) (y) Wo () T:RPxXR" — RP
| s
JaC‘;,e (y) . Jacw;(k) || Ve (¥) =T(w, ' (¥),y)
Chain rule
Jac, c1(y) = 01 T(wh (y), y) - Jac,k ,(y) + &T(ws (¥). ¥)

6

px 1 = g%k — pVR(6%)

“Hyper”’-gradient descent

Several strategies:

* Implicit differentiation
* Risk estimation (SUGAR)

4 4

e Direct Jacobian estimation

-----
PR
.*
.




