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Lasso (Donoho ’95, Tibshirani ’96) Sparse logistic regression (Koh et al. ’07)
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Dual Extrapolation for Sparse 
Generalized Linear Models

(src: wikipedia)
octahedron cube

7�+2 $ p2`i2t
<latexit sha1_base64="F5bZVcnzebEFC3J2+n4mC9lTg+M="></latexit>



Dual Extrapolation for Sparse 
Generalized Linear Models

?



Dual Extrapolation for Sparse 
Generalized Linear Models

ˆ̨ = argmin
˛∈Rp

1

2n
∥y − X˛∥2 + –||˛||1

<latexit sha1_base64="TqGB6MVaeHChyWGaRajQ/9MxQe0="></latexit>

oct c

7�+2 $ p2`i2t
<latexit sha1_base64="F5bZVcnzebEFC3J2+n4mC9lTg+M="></latexit>

?

1. Why?


2. How?


3. Performance?



Dual Extrapolation for Sparse 
Generalized Linear Models

ˆ̨ = argmin
˛∈Rp

1

2n
∥y − X˛∥2 + –||˛||1

<latexit sha1_base64="TqGB6MVaeHChyWGaRajQ/9MxQe0="></latexit>

oct c

7�+2 $ p2`i2t
<latexit sha1_base64="F5bZVcnzebEFC3J2+n4mC9lTg+M="></latexit>

?

1. Why?


2. How?


3. Performance?
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    primal = soft_thresholding(primal - 1/L * grad(primal))

Iterative Shrinkage-Thresholding Algorithm



A typical Lasso solver

for _ in range(n_epoch):
    primal = soft_thresholding(primal - 1/L * grad(primal))

Iterative Shrinkage-Thresholding Algorithm

Goal: Choose n_epoch such that


- primal close to the solution 


- does not take too much time (how to select n_epoch?)

̂β

hard to have guarantees!



Duality for the Lasso
Primal problem
ˆ̨ = argmin
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Dual problem
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¯

<latexit sha1_base64="G+pWFqTNk0WwObJbKt3qj1KdOTc="></latexit>

dual feasible set

„̂ = –−1(y − X ˆ̨)
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link equation



Consequence of strong duality
P(˛) > P( ˆ̨)=D(„̂) > D(„)
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lack of optimality

dual gap



A typical Lasso solver — slightly modified
Iterative Shrinkage-Thresholding Algorithm
while dual_gap(primal, dual) > tol:
    primal = ST(primal - 1/L * grad(primal))
    residual = y - X @ primal
    dual = ????
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A typical Lasso solver — slightly modified
Iterative Shrinkage-Thresholding Algorithm
while dual_gap(primal, dual) > tol:
    primal = ST(primal - 1/L * grad(primal))
    residual = y - X @ primal
    dual = residual / max(lam, norm(X.T @ residual, Inf)
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residual
(Mairal, 2010)

„(t)`2b = r (t)=max(–; ||X⊤r (t)||∞)
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Dual gap is (way) slower than lack of optim.
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Find a good dual candidate
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🧐

😢 When sign identified?

😭 high dimensional fit∃T :
∀t > T : sign(˛(t)) = sign( ˆ̨)
(r (t))t>T Bb � o�_
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Theorem

Vector AutoRegressive sequence (VAR)

x (t) = Ax (t−1) + b ∈ Rn
<latexit sha1_base64="wo89pwx2g99yqBZI/z73hoUuW3U="></latexit>



Extrapolation in 1D: Aitken Δ2 method
x (t) = ax (t−1) + b

t→∞−−−→ x̂
<latexit sha1_base64="I4PBRRZ3vf2wMV3QYEVMNNbnQLQ="></latexit>

(Aitken, Proc. R. Soc. Edinb., 1927)x (t) � x̂ = a
“
x (t�1) � x̂

”

x (t�1) � x̂ = a
“
x (t�2) � x̂

”
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2 equations w/ 2 unknowns:
Aitken Δ2 method
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see https://francisbach.com/acceleration-without-pain/
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k x (t) x̂ (t)

1 4:0000 ×
2 2:6667 ×
3 3:4667 3:1667
4 2:8952 3:1333
5 3:3397 3:1452
6 2:9760 3:1397
7 3:2837 3:1427
8 3:0171 3:1409
9 3:2524 3:1421
10 3:0418 3:1413
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need 3 iterates to extrapolate



x (t) = Ax (t−1) + b
t→∞−−−→ x̂
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Extrapolation in higher dimension
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x (t) = Ax (t−1) + b
t→∞−−−→ x̂
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Extrapolation in higher dimension

(Anderson, J. ACM., 1965)

(Scieur, d’Aspremont, Bach, NeurIPS, 2016)

see https://francisbach.com/acceleration-without-pain/
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with

"consecutive iterates lead to close extrapolation"
not a convexity constraint

∆x (t) = x (t) − x (t−1)
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Extrapolation for the Lasso
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Extrapolated residuals

Extrapolated dual point
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Extrapolation for other models
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sparse logistic regression, rcv1 dataset

Multitask Lasso, MEG data
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celer: a dropin Lasso class for scikit-learn

mathurinm.github.io/celer/
mathurinm/celer

Performance & implementation on imaging settings is an open question!

from sklearn.linear_model import Lasso, LassoCV
from celer import Lasso, LassoCV

arxiv:1907.05830

Thanks for your attention!

Implements dual extrapolation (this talk), gap safe screen and working sets strategy

https://mathurinm.github.io/celer/
http://www.apple.com/uk
https://arxiv.org/abs/1907.05830

