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Generalization of the Mean-Jump
Preserving the subspace {x : supp(∇x) = supp(∇x̂(y))}

Rinv
[x̂](y) = argmin

x∈M[x̂](y)
||y − x ||22

Rinv
[x̂](y) = x̂(y) + JJ+(y − x̂(y))

Invariant Re-enhancement [Deledalle, Papadakis & Salmon 2015] 

→ refitting [Efron et al. 2004], [Lederer 2013]
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Performance on Isotropic TV

y x̂(y) x̂(y)− x0

Rinv
[x̂](y) Rinv

[x̂](y)− x0

Rinv
[x̂](y) ̸= Jx̂(y)
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the model space captures
only linear invariance
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Empirical observation

The Jacobian captures more invariances



From Invariant to Covariant Renhancement

y x̂(y) x̂(y)− x0

Rinv
[x̂](y) Jx̂(y)
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Local Approach

x̂ : Rp → Rp

y "→ x̂(y)

D : ((Rp → Rp) × Rp) → (Rp → Rp)

(x̂ ; y) #→ Dx̂(y)

R[x̂] : Rp → Rp

y "→ R[x̂](y) = Dx̂(y)(y)

apply point-wise

enhance locally
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Invariant vs Covariant
R[x̂](y) = x̂(y) + J(y − x̂(y))Rinv

[x̂](y) = x̂(y) + JJ+(y − x̂(y))

Naive point of view: just remove the pseudo-inverse!



Covariant Re-enhancement

Affine
map
Covariant
preserving
Coherent
map

Local constraints
Dx̂(y)(z) = Az + b

Dx̂(y)(x̂(y)) = x̂(y)

Characterization

R[x̂](y) = Dx̂(y)(y)

DefinitionJDx̂(y)
(y) = ⇢Jx̂(y)
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R[x̂](y) = argmin
x2Hx̂

1

2
||x � y ||2
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⇢ =

(
hJ‹; ‹i
||J‹||2 if J‹ 6= 0

1 otherwise
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Numerical Stability

x̂(y) = argmin
x∈Rp

1

2
||x − y ||22 + –||∇x ||1

Computing R[x̂](y) requires the knowledge of supp(∇x̂(y))

But in practice, x̂(y) is approximated through a sequence x̂k(y)

Unfortunately, x̂k(y) ≈ x̂(y) ̸⇒ supp(x̂k(y)) ≈ supp(x̂(y))

y x̂(y) R[x̂](y)R[x̂k ](y)
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Joint Estimation—Re-enhancement

R[x̂](y) = x̂(y) + J(y − x̂(y))

x̂k+1(y) = Ak(x̂
k(y); y)

Iterative algorithm

Chained expression

x̂k(y) = Ak ◦Ak−1 ◦ · · · ◦A0(x̂
0(y); y)

@

@y
Ak �

@

@y
Ak�1 � · · · �

@

@y
A0(y)

*�! Jy
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Chain rule

*Unfortunately, to prove this convergence, further assumptions have to be made (convergence of functions does not imply 
convergence of derivatives…). It works for instance for anisotropic TV.
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Ak ◦
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@

@y
A0(x̂(y)) → Jx̂(y)

R[x̂](y) = x̂(y) + J(y − x̂(y))

One step
If Jx̂(y) = x̂(y) =⇒ R[x̂](y) = Jy

→ theoretical general results
→ true for aniso-TV, iso-TV, Lasso, . . .



Example for Anisotropic TV

x̂(y) = argmin
x∈Rp

1

2
||x − y ||22 + –||∇x ||1

zk+1 = ΠB–(z
k + ff∇vk)

xk+1 = (1 + fi)−1
`
xk + fi(y + div zk+1)

´

vk+1 = xk+1 + „(xk+1 − xk)

Chambolle-Pock

ΠB– projection on the –-ball



Example for Anisotropic TV

x̂(y) = argmin
x∈Rp

1

2
||x − y ||22 + –||∇x ||1

zk+1 = ΠB–(z
k + ff∇vk)

xk+1 = (1 + fi)−1
`
xk + fi(y + div zk+1)

´

vk+1 = xk+1 + „(xk+1 − xk)

Chambolle-Pock

ΠB– projection on the –-ball

z̃k+1 = �zk+ff∇vk (z̃k + ff∇ṽk)
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Numerical Evaluation for NLM [Buades et al. 2005]
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Numerical Evaluation for DDID [Knaus & Zwicker 2013]
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Why not iterating like SOS, Boosting?

x̃0(y) = argmin
x2Rp

1

2
||x � y ||22 + –||rx ||1
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x̃k+1(y) = x̃k(y) + J(y � x̃k(y))
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Iterative covariant scheme

x̃k(y) ! Rinv
[x̂](y)
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1-covariant ⌘ invariant
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Conclusion

Contributions:
- Fast and accurate denoising re-enhancement
- Parameter-free
- Double the computational cost

Not covered today:
- Bias reduction results [Deledalle et al. 2017]

- Preservation of direction [Brinkman et al. 2016, Deledalle et al. 2019]

- Extension to chrominance [Pierre et al. 2017] 

y = x0 + w

y = Φx0 + w

This talk: denoising

works for inverse problems too
(replace J by �J everywhere)
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Thanks for your attention!
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