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Inverse problem

observations

degradation operator ground truth
Rp

Rn

Inverse problem / regression setting

y = Φx0 + w

noise

Rn ! Rp
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Variational methods

data
fidelity

convex
"regularization"

compromise

BPDN / LASSO
Total Variation
Nuclear
…

x? 2 Argmin
x2Rn

F (�x; y) + –J(x)
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Dictionary / Analysis operator
Dictionary of Rn : {di}p�1

i=0
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Correlation of x and D sparse
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Uniqueness

[Nam et al. 2013, Vaiter et al. 2013, Zhang et al. 2016, Ali & Tibshirani 2018, …]
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In a large number of situation,
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What about non-generic settings?

General results [Mangasarian 1988, Burke & Ferris 1991, …] on the 
geometry convex programs does not provide much



The solution set is a polytope
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Whatever �, D, y , the solution set S is a polytope
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It may be unbounded (containing rays)

In theory, general results on 
polytopes e.g. [Zieglier 1995] may be 
applied

- description of faces
- signs matroids
- …
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It may be unbounded (containing rays)

Ker� \ KerD⇤ = {0}
<latexit sha1_base64="fhkA4vWO9DKuf7268eXU1lAmBk8="></latexit><latexit sha1_base64="IG3wipJyd61AwL/use5hUP2QR7I="></latexit><latexit sha1_base64="IG3wipJyd61AwL/use5hUP2QR7I="></latexit><latexit sha1_base64="5QYgPj7aJl2GFh+m7vqWfI62ag8="></latexit>

S is bounded
<latexit sha1_base64="8DywqJQ7A/gN19BTLVe3LTbNZkc="></latexit><latexit sha1_base64="8DywqJQ7A/gN19BTLVe3LTbNZkc="></latexit><latexit sha1_base64="8DywqJQ7A/gN19BTLVe3LTbNZkc="></latexit><latexit sha1_base64="8DywqJQ7A/gN19BTLVe3LTbNZkc="></latexit>

(
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Representer theorems

[Schölkopf et al. 2001, Boyer et al. 2019, Unser 2019, …]

x? 2 Argmin
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F (�x; y) + –J(x)
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x? =
nX

i=1

¸i i + u
<latexit sha1_base64="lNQilsljsGxyikCQFwNfOFQzzo8="></latexit><latexit sha1_base64="mdlo7bTHRQwnevpUjovUZfZ92yo="></latexit><latexit sha1_base64="mdlo7bTHRQwnevpUjovUZfZ92yo="></latexit><latexit sha1_base64="c9G4+9hrUqrB5k5dFhnXOcRzAZY="></latexit>

(
)

<latexit sha1_base64="f8MFZo4B5DrURHldRaR3AkRUyYI="></latexit><latexit sha1_base64="3ldiaxjKuOV1SpiWVt9p6jkYMOs="></latexit><latexit sha1_base64="3ldiaxjKuOV1SpiWVt9p6jkYMOs="></latexit><latexit sha1_base64="rfqMNhlU2neabdTLb6LP3y4JPpk="></latexit>

extreme points 
of the reg. level set



Characterization of the solution set
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Let r > 0, A an aff. subspace such that ; 6= A \ Br ⇢ @Br
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There exists �; y ; – such that S = A \ Br and Ker� = dir(A)
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For any �; y ; –, S is a nonempty polyhedron s.t. S = A \ Br
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with r > 0 and A an aff. subspace such that ; 6= A \ Br ⇢ @Br
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Solution set is an affine subspace intersected by the unit ball

Any affine subspace intersected by the unit ball is a sol. set



Support and signal model
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<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

I = supp(D⇤x?); J = Ic
<latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit>

support cosupport



Support and signal model

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

I = supp(D⇤x?); J = Ic
<latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit>

support cosupport

⇥ =
[

k21:::q
⇥k where ⇥k = {KerD⇤

J : dimKerD⇤
J = k}

<latexit sha1_base64="4tJo99KyqhFYSkbMWFGzaA/k2Qg="></latexit><latexit sha1_base64="4tJo99KyqhFYSkbMWFGzaA/k2Qg="></latexit><latexit sha1_base64="4tJo99KyqhFYSkbMWFGzaA/k2Qg="></latexit><latexit sha1_base64="4tJo99KyqhFYSkbMWFGzaA/k2Qg="></latexit>

Signal model: “union of subspace”

KerD⇤
2

<latexit sha1_base64="AAWw3h91NQj+fHz1bsIjbsQtVkw="></latexit><latexit sha1_base64="AAWw3h91NQj+fHz1bsIjbsQtVkw="></latexit><latexit sha1_base64="AAWw3h91NQj+fHz1bsIjbsQtVkw="></latexit><latexit sha1_base64="AAWw3h91NQj+fHz1bsIjbsQtVkw="></latexit>

KerD⇤
1

<latexit sha1_base64="+fAuNl3UahbtsrmBvl3dmil3o3E="></latexit><latexit sha1_base64="+fAuNl3UahbtsrmBvl3dmil3o3E="></latexit><latexit sha1_base64="+fAuNl3UahbtsrmBvl3dmil3o3E="></latexit><latexit sha1_base64="+fAuNl3UahbtsrmBvl3dmil3o3E="></latexit>

KerD⇤
2

<latexit sha1_base64="AAWw3h91NQj+fHz1bsIjbsQtVkw="></latexit><latexit sha1_base64="AAWw3h91NQj+fHz1bsIjbsQtVkw="></latexit><latexit sha1_base64="AAWw3h91NQj+fHz1bsIjbsQtVkw="></latexit><latexit sha1_base64="AAWw3h91NQj+fHz1bsIjbsQtVkw="></latexit>

KerD⇤
1

<latexit sha1_base64="+fAuNl3UahbtsrmBvl3dmil3o3E="></latexit><latexit sha1_base64="+fAuNl3UahbtsrmBvl3dmil3o3E="></latexit><latexit sha1_base64="+fAuNl3UahbtsrmBvl3dmil3o3E="></latexit><latexit sha1_base64="+fAuNl3UahbtsrmBvl3dmil3o3E="></latexit>

KerD⇤
3

<latexit sha1_base64="5gB0um6DaNSfF15tLF+T6EcYeEM="></latexit><latexit sha1_base64="5gB0um6DaNSfF15tLF+T6EcYeEM="></latexit><latexit sha1_base64="5gB0um6DaNSfF15tLF+T6EcYeEM="></latexit><latexit sha1_base64="5gB0um6DaNSfF15tLF+T6EcYeEM="></latexit>

d1
<latexit sha1_base64="xN1buXgYSKsgccAu/rOMerBpSb4="></latexit><latexit sha1_base64="xN1buXgYSKsgccAu/rOMerBpSb4="></latexit><latexit sha1_base64="xN1buXgYSKsgccAu/rOMerBpSb4="></latexit><latexit sha1_base64="xN1buXgYSKsgccAu/rOMerBpSb4="></latexit>

d1
<latexit sha1_base64="xN1buXgYSKsgccAu/rOMerBpSb4="></latexit><latexit sha1_base64="xN1buXgYSKsgccAu/rOMerBpSb4="></latexit><latexit sha1_base64="xN1buXgYSKsgccAu/rOMerBpSb4="></latexit><latexit sha1_base64="xN1buXgYSKsgccAu/rOMerBpSb4="></latexit>

d2
<latexit sha1_base64="HIUPoz4/j7IpbkVlK/bMXQdCaUs="></latexit><latexit sha1_base64="HIUPoz4/j7IpbkVlK/bMXQdCaUs="></latexit><latexit sha1_base64="HIUPoz4/j7IpbkVlK/bMXQdCaUs="></latexit><latexit sha1_base64="HIUPoz4/j7IpbkVlK/bMXQdCaUs="></latexit>

d2
<latexit sha1_base64="HIUPoz4/j7IpbkVlK/bMXQdCaUs="></latexit><latexit sha1_base64="HIUPoz4/j7IpbkVlK/bMXQdCaUs="></latexit><latexit sha1_base64="HIUPoz4/j7IpbkVlK/bMXQdCaUs="></latexit><latexit sha1_base64="HIUPoz4/j7IpbkVlK/bMXQdCaUs="></latexit>

d3
<latexit sha1_base64="Dm9XeNLeenkR0FPeL59uFN6Uzs4="></latexit><latexit sha1_base64="Dm9XeNLeenkR0FPeL59uFN6Uzs4="></latexit><latexit sha1_base64="Dm9XeNLeenkR0FPeL59uFN6Uzs4="></latexit><latexit sha1_base64="Dm9XeNLeenkR0FPeL59uFN6Uzs4="></latexit>



Extreme points of the solution set

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

I = supp(D⇤x?); J = Ic
<latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit>

x? 2 S is extremal iff Ker� \ KerD⇤
J = {0}

<latexit sha1_base64="u4XP/3K2bZIHuUtSOpvaHyCzV6s="></latexit><latexit sha1_base64="u4XP/3K2bZIHuUtSOpvaHyCzV6s="></latexit><latexit sha1_base64="u4XP/3K2bZIHuUtSOpvaHyCzV6s="></latexit><latexit sha1_base64="u4XP/3K2bZIHuUtSOpvaHyCzV6s="></latexit>



Extreme points of the solution set

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

I = supp(D⇤x?); J = Ic
<latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit>

x? 2 S is extremal iff Ker� \ KerD⇤
J = {0}

<latexit sha1_base64="u4XP/3K2bZIHuUtSOpvaHyCzV6s="></latexit><latexit sha1_base64="u4XP/3K2bZIHuUtSOpvaHyCzV6s="></latexit><latexit sha1_base64="u4XP/3K2bZIHuUtSOpvaHyCzV6s="></latexit><latexit sha1_base64="u4XP/3K2bZIHuUtSOpvaHyCzV6s="></latexit>

(HJ)-procedure
<latexit sha1_base64="L6Agu8KdeFCnhqWdvf+rs3iS3Z4="></latexit><latexit sha1_base64="L6Agu8KdeFCnhqWdvf+rs3iS3Z4="></latexit><latexit sha1_base64="L6Agu8KdeFCnhqWdvf+rs3iS3Z4="></latexit><latexit sha1_base64="L6Agu8KdeFCnhqWdvf+rs3iS3Z4="></latexit>

1. Start from a non-extremal point x
2. Find a direction in z 2 Ker� \ KerD⇤

J
3. Find the smallest x + tz with a different support
4. Repeat until (HJ) is satisfied

<latexit sha1_base64="CQiQ1gHM30QQ9ge8QcCS8I/fyPw="></latexit><latexit sha1_base64="CQiQ1gHM30QQ9ge8QcCS8I/fyPw="></latexit><latexit sha1_base64="CQiQ1gHM30QQ9ge8QcCS8I/fyPw="></latexit><latexit sha1_base64="CQiQ1gHM30QQ9ge8QcCS8I/fyPw="></latexit>



Interior and maximal solutions

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

ri(S) : relative interior of S
<latexit sha1_base64="Gm9lyoPsLwUjrbeRrPZxRM2tyzg=">AAA/CXictVtbc9y2FUbSW6zenPaxMx02ilu7dTSSmt6Sica6WVa8tmTrYidZW7PcpVaMqeWa5Eqyt8of6GP/QP9C39o+Nr+ir33Lv+jBOQABckECUFJxtAuC+M45OADOBeCG4yTOi8XF/7zx5re+/Z3vfu+ta3Pf/8EPf/Tj62//5DBPJ1k/OuinSZo9DXt5lMSj6KCIiyR6Os6i3mmYRE/CF+v8+ZOzKMvjdLRfvBpHz057w1 </latexit><latexit sha1_base64="rVG7uaGb2/t/ta1QRxvv7RB+tCs=">AAA/CXictVtbc9y2FUaSXmL15qSPnemwUdzaqaOR1PSWTDTWzbJi2ZKti51kbc1yl1oxppZrkquLt8of6GP7R/rW9rH5FXntW/5FD84BCJALEoCSiqNdEMR3zsEBcC4ANxwlcV7Mz3/92utvfO/7P/jhm9dmfvTjn/z0Z9ffevsgT8dZL9rvpUmaPQ27eZTEw2i/iIskejrKou5JmERPwher/PmT0yjL43S4V1yMomcn3cEwPo </latexit><latexit sha1_base64="rVG7uaGb2/t/ta1QRxvv7RB+tCs=">AAA/CXictVtbc9y2FUaSXmL15qSPnemwUdzaqaOR1PSWTDTWzbJi2ZKti51kbc1yl1oxppZrkquLt8of6GP7R/rW9rH5FXntW/5FD84BCJALEoCSiqNdEMR3zsEBcC4ANxwlcV7Mz3/92utvfO/7P/jhm9dmfvTjn/z0Z9ffevsgT8dZL9rvpUmaPQ27eZTEw2i/iIskejrKou5JmERPwher/PmT0yjL43S4V1yMomcn3cEwPo </latexit><latexit sha1_base64="3EJSZRxlOm/fbiOB/3D/kkip8Co=">AAA/CXictVtbc9y2FUbSW6zenPaxMx22ils742gkNb0lE01Wsiwrli3ZuthJ1tYsd6kVY2q5JrmS7K3yB/rYX9K3to/Nr+hr3/IvenAOQIBckAA2qTjaBUF85xwcAOcCcMNxEufF8vJ/3njzO9/93vd/8Na1hR/+6Mc/+en1t392lKeTrB8d9tMkzZ6GvTxK4lF0WMRFEj0dZ1HvLEyiJ+GLDf78yXmU5XE6OihejaNnZ73hKD </latexit>

8x 2 S; supp(D⇤x?) ◆ supp(D⇤x)
<latexit sha1_base64="yq1xgI64lLYO+N4mhWHV+PdSf+A="></latexit><latexit sha1_base64="fWaRfuRx5GldAHgVOypBt0NmMGk="></latexit><latexit sha1_base64="fWaRfuRx5GldAHgVOypBt0NmMGk="></latexit><latexit sha1_base64="RBt7twk1GrW54WSB5zXVmgq8Mvo="></latexit>

x? 2 ri(S) () x? is a maximal solution
<latexit sha1_base64="CIPiFXD8R9bWR21uPtOOTtQj1VE="></latexit><latexit sha1_base64="sub+vPzDLi/qDzzh9Eb64gW8boc="></latexit><latexit sha1_base64="sub+vPzDLi/qDzzh9Eb64gW8boc="></latexit><latexit sha1_base64="bcKC6LcqR9ojFzi3gUzmPygLkCM="></latexit>

maximal solution

ri(S)
<latexit sha1_base64="xe2b/byGYFGQPJBhxI6BMRz1pY4="></latexit><latexit sha1_base64="pXtVuUPrOZtbjb4ApbWKTmQqdVU="></latexit><latexit sha1_base64="pXtVuUPrOZtbjb4ApbWKTmQqdVU="></latexit><latexit sha1_base64="NMw4B6a1XXb1IIwf6dEqnZiWJwI="></latexit>



There exists an interior-point type algorithm to compute a 
maximal solution (not really scalable)

Open problem: condition on Chambolle—Pock (ADMM) to 
converge to a maximal solution

Interior and maximal solutions

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

x? 2 ri(S) () x? is a maximal solution
<latexit sha1_base64="CIPiFXD8R9bWR21uPtOOTtQj1VE="></latexit><latexit sha1_base64="sub+vPzDLi/qDzzh9Eb64gW8boc="></latexit><latexit sha1_base64="sub+vPzDLi/qDzzh9Eb64gW8boc="></latexit><latexit sha1_base64="bcKC6LcqR9ojFzi3gUzmPygLkCM="></latexit>



Interior and maximal solutions

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

x? 2 ri(S) () x? is a maximal solution
<latexit sha1_base64="CIPiFXD8R9bWR21uPtOOTtQj1VE="></latexit><latexit sha1_base64="sub+vPzDLi/qDzzh9Eb64gW8boc="></latexit><latexit sha1_base64="sub+vPzDLi/qDzzh9Eb64gW8boc="></latexit><latexit sha1_base64="bcKC6LcqR9ojFzi3gUzmPygLkCM="></latexit>



Interior and extremal solutions

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

I = supp(D⇤x?); J = Ic
<latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit>

Ker� \ KerD⇤
J = {0}

<latexit sha1_base64="+12TNVizrLARZxGY341hC0VcDhE=">AAA+/3ictVtbc9y2FUbSW6zenPaxMx22itsk42ok1b1mrIksybJs2ZKti51kbc1yl1ox5i7XJFeSvVVm+thf0re2j81P6Wvf8i96cA5AgFyQADapONoFsfjOOTgAzgUgw3ES58Xy8n/eevtb3/7Od7/3zrWF7//ghz/68fV3f3Kcp5OsFx310iTNnoXdPEriUXRUxEUSPRtnUXcYJtHT8OUG//3peZTlcTo6LF6Po+fD7mAUn8 </latexit><latexit sha1_base64="+12TNVizrLARZxGY341hC0VcDhE=">AAA+/3ictVtbc9y2FUbSW6zenPaxMx22itsk42ok1b1mrIksybJs2ZKti51kbc1yl1ox5i7XJFeSvVVm+thf0re2j81P6Wvf8i96cA5AgFyQADapONoFsfjOOTgAzgUgw3ES58Xy8n/eevtb3/7Od7/3zrWF7//ghz/68fV3f3Kcp5OsFx310iTNnoXdPEriUXRUxEUSPRtnUXcYJtHT8OUG//3peZTlcTo6LF6Po+fD7mAUn8 </latexit><latexit sha1_base64="+12TNVizrLARZxGY341hC0VcDhE=">AAA+/3ictVtbc9y2FUbSW6zenPaxMx22itsk42ok1b1mrIksybJs2ZKti51kbc1yl1ox5i7XJFeSvVVm+thf0re2j81P6Wvf8i96cA5AgFyQADapONoFsfjOOTgAzgUgw3ES58Xy8n/eevtb3/7Od7/3zrWF7//ghz/68fV3f3Kcp5OsFx310iTNnoXdPEriUXRUxEUSPRtnUXcYJtHT8OUG//3peZTlcTo6LF6Po+fD7mAUn8 </latexit><latexit sha1_base64="+12TNVizrLARZxGY341hC0VcDhE=">AAA+/3ictVtbc9y2FUbSW6zenPaxMx22itsk42ok1b1mrIksybJs2ZKti51kbc1yl1ox5i7XJFeSvVVm+thf0re2j81P6Wvf8i96cA5AgFyQADapONoFsfjOOTgAzgUgw3ES58Xy8n/eevtb3/7Od7/3zrWF7//ghz/68fV3f3Kcp5OsFx310iTNnoXdPEriUXRUxEUSPRtnUXcYJtHT8OUG//3peZTlcTo6LF6Po+fD7mAUn8 </latexit>

maximal



Interior and extremal solutions

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

I = supp(D⇤x?); J = Ic
<latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit><latexit sha1_base64="BIhG6aLkCLhFWCi9WJMczbK8HbM="></latexit>

Ker� \ KerD⇤
J = {0}

<latexit sha1_base64="+12TNVizrLARZxGY341hC0VcDhE=">AAA+/3ictVtbc9y2FUbSW6zenPaxMx22itsk42ok1b1mrIksybJs2ZKti51kbc1yl1ox5i7XJFeSvVVm+thf0re2j81P6Wvf8i96cA5AgFyQADapONoFsfjOOTgAzgUgw3ES58Xy8n/eevtb3/7Od7/3zrWF7//ghz/68fV3f3Kcp5OsFx310iTNnoXdPEriUXRUxEUSPRtnUXcYJtHT8OUG//3peZTlcTo6LF6Po+fD7mAUn8 </latexit><latexit sha1_base64="+12TNVizrLARZxGY341hC0VcDhE=">AAA+/3ictVtbc9y2FUbSW6zenPaxMx22itsk42ok1b1mrIksybJs2ZKti51kbc1yl1ox5i7XJFeSvVVm+thf0re2j81P6Wvf8i96cA5AgFyQADapONoFsfjOOTgAzgUgw3ES58Xy8n/eevtb3/7Od7/3zrWF7//ghz/68fV3f3Kcp5OsFx310iTNnoXdPEriUXRUxEUSPRtnUXcYJtHT8OUG//3peZTlcTo6LF6Po+fD7mAUn8 </latexit><latexit sha1_base64="+12TNVizrLARZxGY341hC0VcDhE=">AAA+/3ictVtbc9y2FUbSW6zenPaxMx22itsk42ok1b1mrIksybJs2ZKti51kbc1yl1ox5i7XJFeSvVVm+thf0re2j81P6Wvf8i96cA5AgFyQADapONoFsfjOOTgAzgUgw3ES58Xy8n/eevtb3/7Od7/3zrWF7//ghz/68fV3f3Kcp5OsFx310iTNnoXdPEriUXRUxEUSPRtnUXcYJtHT8OUG//3peZTlcTo6LF6Po+fD7mAUn8 </latexit><latexit sha1_base64="+12TNVizrLARZxGY341hC0VcDhE=">AAA+/3ictVtbc9y2FUbSW6zenPaxMx22itsk42ok1b1mrIksybJs2ZKti51kbc1yl1ox5i7XJFeSvVVm+thf0re2j81P6Wvf8i96cA5AgFyQADapONoFsfjOOTgAzgUgw3ES58Xy8n/eevtb3/7Od7/3zrWF7//ghz/68fV3f3Kcp5OsFx310iTNnoXdPEriUXRUxEUSPRtnUXcYJtHT8OUG//3peZTlcTo6LF6Po+fD7mAUn8 </latexit>

maximal

?



Description of the faces

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

X = (x̄ + Ker�) \ F̄

X = (x̄ + Ker�) \ {x : sign(D⇤x) 6 s̄}
ri(X) = (x̄ + Ker�) \ {x : sign(D⇤x) = s̄}

dir(X) = Ker� \ KerD⇤
J̄ with J = cosupp(D⇤x̄)

<latexit sha1_base64="0GcU1Zt58G0aridxmi7ZnGTbu/k="></latexit><latexit sha1_base64="0GcU1Zt58G0aridxmi7ZnGTbu/k="></latexit><latexit sha1_base64="0GcU1Zt58G0aridxmi7ZnGTbu/k="></latexit><latexit sha1_base64="0GcU1Zt58G0aridxmi7ZnGTbu/k="></latexit>

Solution set description

Faces description, any face of the solution set is of the form

x̄ 2 ri(X); s̄=sign(D⇤x̄); r= ||D⇤x̄ ||1; F̄ =Br \ {x :hDs̄; xi = r}
<latexit sha1_base64="pUaux1QGP5k/cxF4e2MB8pST/z0="></latexit><latexit sha1_base64="JIzGKNidp8papTa4nIGMUhaieJM="></latexit><latexit sha1_base64="JIzGKNidp8papTa4nIGMUhaieJM="></latexit><latexit sha1_base64="mkjkssxbiYJDUzTHIebKNeGtNkg="></latexit>

F = X \ {x : J ✓ cosupp(D⇤x)}
ri(F ) = X \ {x : J = cosupp(D⇤x)}

dir(F ) = Ker� \ KerD⇤
J

<latexit sha1_base64="gwbnP1/GH5XY55kHYSGGa9eRf+4="></latexit><latexit sha1_base64="gwbnP1/GH5XY55kHYSGGa9eRf+4="></latexit><latexit sha1_base64="gwbnP1/GH5XY55kHYSGGa9eRf+4="></latexit><latexit sha1_base64="gwbnP1/GH5XY55kHYSGGa9eRf+4="></latexit>



x̄ ∈ ri(X); s̄ = sign(D∗x̄); J̄ = cosupp(s̄); Ī = supp(s̄)
<latexit sha1_base64="pELFOhh33kwfvSeX1hCX5yOd73s="></latexit>

X =
˘
x : Φx = Φx̄ ; D∗

J̄x = 0; diag(s̄Ī)D
∗
Ī x > 0

¯
<latexit sha1_base64="ug6pF6cKc8CRRnjTpupAbLl91Os="></latexit>

Toy use

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

Linear characterization: use of LP solver



x̄ ∈ ri(X); s̄ = sign(D∗x̄); J̄ = cosupp(s̄); Ī = supp(s̄)
<latexit sha1_base64="pELFOhh33kwfvSeX1hCX5yOd73s="></latexit>

X =
˘
x : Φx = Φx̄ ; D∗

J̄x = 0; diag(s̄Ī)D
∗
Ī x > 0

¯
<latexit sha1_base64="ug6pF6cKc8CRRnjTpupAbLl91Os="></latexit>

Toy use

S = Argmin
x2Rn

1

2
||y � �x ||22 + –||D⇤x ||1

<latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit><latexit sha1_base64="B/FFck2IAwffDBVQgrNoN0AnT5I="></latexit>

Linear characterization: use of LP solver

Find small/biggest coefficient Find small/biggest correlation

max
x∈S

〈x; ei 〉
<latexit sha1_base64="hZmNgkgF79M+lnCKGJ4wp1vvGuk="></latexit>

max
x∈S

〈x; di 〉
<latexit sha1_base64="htUyfYUulWMBZFJbubFqruKK7dM="></latexit>

obtain dispensable coefficient



Thanks for your attention!
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